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TAUTOLOGICAL CLASSES OF DEFINITE 4-MANIFOLDS
DAVID BARAGLIA
Abstract. We prove a diagonalisation theorem for the tautological, or gener-
alised Miller–Morita–Mumford classes of compact, smooth, simply-connected
definite 4-manifolds. Our result can be thought of as a families version of Don-
aldson’s diagonalisation theorem. We prove our result using a families version
of the Bauer–Furuta cohomotopy refinement of Seiberg–Witten theory. We use
our main result to deduce various results concerning the tautological classes of
such 4-manifolds. In particular, we completely determine the tautological rings
of CP2 and CP2#CP2. We also derive a series of linear relations in the tau-
tological ring which are universal in the sense that they hold for all compact,
smooth, simply-connected definite 4-manifolds.
1. Introduction
1.1. Tautological classes. Let X be a compact, simply-connected smooth 4-
manifold with positive definite intersection form. Assume that b2(X) > 0. Then by
the work of Donaldson [5] and Freedman [7], X is homeomorphic to the connected
sum #nCP2 of n ≥ 1 copies of CP2, where n = b2(X).
Let π : E → B be a compact, smooth family with fibres diffeomorphic to X .
By this we mean that E and B are compact smooth manifolds, π is a proper
submersion and each fibre of π with its induced smooth structure is diffeomorphic
to X . Note that E has a fibrewise orientation which is uniquely determined by the
requirement that the fibres of E are positive definite 4-manifolds. In this paper,
we will use parametrised Seiberg–Witten theory to study the tautological classes,
or generalised Miller–Morita–Mumford classes of such families. These are defined
as follows. Let T (E/B) = Ker(π∗ : TE → TB) denote the vertical tangent
bundle. Then for each rational characteristic class c ∈ H∗(BSO(4);Q), we define
the associated tautological class as
κc(E) =
ˆ
E/B
c(T (E/B)) ∈ H∗−4(B;Q)
where
´
E/B denotes integration over the fibres. Let Diff(X) denote the group of
diffeomorphisms ofX with the C∞-topology (note that all diffeomorphisms ofX are
orientation preserving since X is positive definite) and BDiff(X) the classifying
space. The tautological classes can be constructed for the universal bundle UX =
EDiff(X)×Diff(X) X , giving classes
κc = κc(UX) ∈ H
∗(BDiff(X);Q).
The tautological ring of X
R∗(X) ⊆ H∗(BDiff(X);Q)
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is defined as the subring of H∗(BDiff(X);Q) generated by tautological classes
κc, c ∈ H
∗(BSO(4);Q). Since H∗(BSO(4);Q) is generated over Q by p1 and e,
it follows that R∗(X) is generated by the classes {κpa
1
eb}a,b≥0. Similarly, for any
family E → B we can define the tautological ring of E
R∗(E) ⊆ H∗(B;Q)
to be the subring generated by the tautological classes κc(E), c ∈ H
∗(BSO(4);Q).
Tautological rings have been studied extensively for families of oriented surfaces,
eg, [17], [14], [13], [6], [15] and there is a growing literature on tautological classes in
higher dimensions [8], [10], [9], [18], [18], [4], [12]. However as far as we are aware,
our paper is the first to use gauge theory to obtain results on the tautological classes
of 4-manifolds.
Let B be a compact smooth manifold. A topological fibre bundle E → B with
transition functions valued in Diff(X) may be obtained by pullback of the univer-
sal family UX → BDiff(X) with respect to a continuous map B → BDiff(X).
As explained in [2, §4.2], it follows from a result of Mu¨ller–Wockel [16] that such
a family E → B admits a smooth structure for which π is a submersion and the
fibres of E with their induced smooth structure are diffeomorphic to X . Since E
is smooth, we may use parametrised gauge theory to study the tautological classes
κc(E) ∈ H
∗(B;Q). If a relation amongst tautological classes holds in R∗(E) for all
compact, smooth families π : E → B with fibres diffeomorphic to X , then it must
also hold in R∗(X). This is because rational cohomology classes of BDiff(X) are
detected by continuous maps from compact, smooth manifolds into BDiff(X).
The upshot of this is that we can use gauge theory to indirectly study the tauto-
logical ring of X .
1.2. Main results. Our first main result is the determination of the tautological
rings of CP2 and CP2#CP2.
Theorem 1.1. The tautological rings of CP2 and CP2#CP2 are given by
(1) R∗(CP2) = Q[κp2
1
, κp4
1
].
(2) R∗(CP2#CP2) = Q[κp2
1
, κp3
1
].
Variants R∗(X, ∗) and R∗(X,D4) of the tautological ring have be defined in [10]
and [9]. Their definition is recalled in Section 6. We determine these rings for CP2.
Theorem 1.2. We have ring isomorphisms
(1) R∗(CP2, ∗) ∼= Q[p1, e].
(2) R∗(CP2, D4) ∼= Q.
For each pair of non-negative integers a, b we define a two variable polynomial
φa,b(x, y) ∈ Z[x, y] as follows. Let
p(z) = z3 − xz − y, p′(z) = 3z2 − x.
Then we define
φa,b(x, y) =
1
2πi
‰
(p′(z) + 3x)a(p′(z))b
p(z)
dz
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where the contour encloses all zeros of p(z). From this definition it follows that φa,b
satisfies the following recursive formulas:
φa+1,b(x, y) = φa,b+1(x, y) + 3xφa,b(x, y),
φa,b+3(x, y) = 3xφa,b+2(x, y) + (27y
2 − 4x3)φa,b(x, y),
which together with the initial conditions
φ0,0(x, y) = 0, φ0,1(x, y) = 3, φ0,2(x, y) = 3x
can be used to compute φa,b for all values of a, b. We will make use of the polynomi-
als φa,b in the computation of tautological classes of families of definite 4-manifolds.
We first state the n = 1 case.
Theorem 1.3. Let E → B be a smooth family with fibres diffeomorphic to X,
where X is a smooth, compact, simply-connected, positive definite 4-manifold with
b2(X) = 1. Suppose that the monodromy action of π1(B) on H
2(X ;Z) is trivial.
Then there exists classes B ∈ H2(B;Q), C ∈ H3(B;Q) such that:
(i) There is an isomorphism of H∗(B;Q)-algebras
H∗(E;Q) ∼= H∗(B;Q)[x]/(x3 −Bx− C).
(ii) The Euler class and first Pontryagin classes of T (E/B) are given by
e = 3x2 − B, p1 = 3x
2 + 2B.
(iii) For all a, b ≥ 0, we have
κpa
1
eb(E) = φa,b(B,C).
Remark 1.4. If E = P(V ) is the CP2-bundle associated to a complex rank 3 vector
bundle V → B with trivial determinant, then B = −c2(V ), C = −c3(V ) and so
κpa
1
eb(E) = φa,b(−c2(V ),−c3(V )), which gives the tautological classes as polyno-
mials in c2(V ), c3(V ).
To state our next result, we need a few definitions. Let Λn denote a free abelian
group of rank n and let e1, . . . , en be a basis. Equip Λn with the standard Euclidean
inner product 〈ei, ej〉 = δij . Let Wn denote the isometry group of Λn. Then Wn is
isomorphic to a semidirect product
Hn = Sn ⋉ Z
n
2 ,
where the symmetric group Sn acts by permutation: σ(ei) = eσ(i) and the normal
subgroup Zn2 is generated by θ1, . . . , θn, where θi is the reflection in the hyperplane
orthogonal to ei. Let X denote a smooth, compact, simply-connected 4-manifold
with positive definite intersection form and n = b2(X) ≥ 1. In Section 2 we
construct a principal Wn-bundle
p : BDiff(X)→ BDiff(X)
over BDiff(X). Since p is a finite covering, it follows that the pullback map
p∗ : H∗(BDiff(X);Q) → H∗(BDiff(X);Q) is injective and that the image is
precisely the Wn-invariant part of H
∗(BDiff(X);Q). In particular, we may think
of the tautological ring R∗(X) as a subring of H∗(BDiff(X);Q).
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Theorem 1.5. Let X be a smooth, compact, simply-connected, positive definite
4-manifold with b2(X) = n ≥ 2. Then there exists classes
Dij ∈ H
2(BDiff(X);Q), 1 ≤ i, j ≤ n, i 6= j
with the following properties.
(i) Let D∗(X) ⊆ H∗(BDiff(X);Q) be the subring generated by {Di,j}i6=j.
The group Wn acts on the subring D
∗(X) according to
σ(Dij) = Dσ(i)σ(j), σ ∈ Sn
and
θk(Dij) =
{
Dij k 6= j,
−Dij k = j.
(ii) Let I∗(X) denote the Wn-invariant subring of D
∗(X). Then I∗(X) ⊆
H∗(BDiff(X);Q).
(iii) The tautological ring R∗(X) of X is a subring of I∗(X). That is, all tau-
tological classes of X can be expressed as Wn-invariant polynomials of the
Dij .
Theorem 1.5 says that the tautological classes can be written as Wn-invariant
polynomials of the Dij . The next theorem addresses the question of how to compute
these invariant polynomials. First we set
I1 =
∑
i,j|i6=j
D2ij , I2 =
∑
i,j,k|i,j,k distinct
DikDjk.
Then for i = 1, . . . , n, define
Bi =
3
2
∑
j|j 6=i
D2ij −
(n− 5)
2n(n− 1)
I1 −
1
(n− 1)
I2,
Ci =
1
(n− 1)
∑
j|j 6=i
(
D3ji −BiDji
)
.
Theorem 1.6. Let X be a smooth, compact, simply-connected, positive definite
4-manifold with b2(X) = n ≥ 2. Then
(1) The tautological classes κc with c = p
a
1e
2b are given by
κpa
1
e2b =
n∑
i=1
φa,2b(Bi, Ci)
(2) The tautological classes κc with c = p
a
1e
2b+1 are given by
κpa
1
e2b+1 =
n∑
i=1
φa,2b+1(Bi, Ci)− 2
∑
j|j 6=i
(3D2ij + 2Bj)
a(3D2ij −Bj)
2b.
Theorem 1.6 gives a completely explicit expression for the tautological classes
κc as polynomials in {Dij}i6=j , once the polynomials φa,b(x, y) are known. As an
application of Theorem 1.6, we prove the existence of many linear relations amongst
tautological classes.
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Theorem 1.7. Let X be a smooth, compact simply-connected definite 4-manifold
and let d ≥ 1 be given. Then amongst all tautological classes κpa
1
eb with a+ b = d
and b even, there are at least
⌊d/2⌋ − ⌊(d− 1)/3⌋
linear relations. More precisely, if c0, c1, . . . , c⌊d/2⌋ ∈ Q are such that
⌊d/2⌋∑
j=0
cjφd−2j,2j(x, y) = 0, (1.1)
then we also have
⌊d/2⌋∑
j=0
cjκpd−2j
1
e2j = 0
and the space of (c0, c1, . . . , c⌊d/2⌋) satisfying Equation (1.1) has dimension at least
⌊d/2⌋ − ⌊(d− 1)/3⌋.
As explained in Section 8, for each d ≥ 2, the families signature theorem gives
one linear relation amongst the tautological classes κpa
1
eb with a+b = d and b even.
Theorem 1.7 implies that there are further linear relations whenever ⌊d/2⌋− ⌊(d−
1)/3⌋ > 1. This is the case if d = 6 or d ≥ 8. The first few such relations (up to
d = 12) are:
0 = 4κp4
1
e2 − 41κp2
1
e4 + 100κe6,
0 = 36κp6
1
e2 − 461κp4
1
e4 + 1843κp2
1
e6 − 2300κe8,
0 = 24κp7
1
e2 − 322κp5
1
e4 + 1379κp3
1
e6 − 1900κp1e8 ,
0 = 108κp8
1
e2 − 1579κp6
1
e4 + 7902κp4
1
e6 − 15531κp2
1
e8 + 9100κe10,
0 = 360κp9
1
e2 − 5606κp7
1
e4 + 30923κp5
1
e6 − 71311κp3
1
e8 + 57100κp1e10 ,
0 = 144κp8
1
e4 − 2552κp6
1
e6 + 16629κp4
1
e8 − 47400κp2
1
e10 + 50000κe12,
0 = 6000κp10
1
e2 − 98012κp8
1
e4 + 577796κp6
1
e6 − 1461667κp4
1
e8 + 1338700κp2
1
e10 .
1.3. Idea behind main results. The inspiration for our main results comes from
considering Donaldson theory for a family of definite 4-manifolds. Let X be a
compact, simply-connected smooth 4-manifold with positive definite intersection
form. Recall the proof of Donaldson’s diagonalisation theorem uses the moduli
space M of self-dual instantons on an SU(2)-bundle E → X with c2(E) = −1.
Then M is a 5-dimensional oriented manifold with singularities. The singularities
correspond to reducible instantons, which correspond to elements in ξ ∈ H2(X ;Z)
satisfying ξ2 = 1, considered modulo ξ 7→ −ξ. Each singularity of M takes the
form of a cone over CP2. The moduli space M is non-compact, but it admits
a compactification M whose boundary is diffeomorphic to X . Removing from
M a neighbourhood of each singularity, we obtain a cobordism M′ from X to
a disjoint union of copies of CP2. Cobordism invariance of the signature implies
that there are n = b2(X) copies of CP
2 and hence, there are n distinct pairs of
elements ±ξ1, . . . ,±ξn ∈ H
2(X ;Z) satisfying ξ2i = 1. This implies that H
2(X ;Z)
is diagonalisable.
Now suppose that E → B is a smooth family with fibres diffeomorphic to X
and suppose for simplicity that the monodromy action of π1(B) on H
2(X ;Z) is
trivial. Considering the moduli space of self-dual instantons with c2(E) = −1 on
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each fibre of E, we obtain a families moduli space ME → B. Note that ME is
typically not a fibre bundle since the topology of the fibres of ME can vary as we
move in B. We would expect that for a sufficiently generic family of metrics on
E, we can arrange that ME is smooth away from reducible solutions and that the
structure ofME around the reducibles is given by taking fibrewise cones on n CP
2
bundles E1, . . . , En over B. We would further expect that ME can be compact-
ified by adding a boundary which is diffeomorphic to the family E. Removing a
neigbourhood of the reducible solutions, we would expect to obtain a cobordism
π′ : M′E → B relative B, between E → B and the disjoint union of CP
2-bundles
E1, . . . , En. Consider the virtual vector bundle V = TM
′
E − (π
′)∗(TB). Clearly
V |E = T (E/B) and V |Ei = T (Ei/B) for each i, hence the Pontryagin classes
of V restrict to the Pontryagin classes of E and Ei on the boundary. Applying
Stokes’ theorem, we expect to obtain a kind of “diagonalisation theorem” for the
tautological classes:
κpa
1
e2b(E) =
n∑
i=1
κpa
1
e2b(Ei). (1.2)
Note that we need to take even powers of e because e is unstable whereas e2 = p2
is stable.
There are some technical challenges for carrying out this argument rigorously.
Most notably, it seems difficult to arrange unobstructedness of the families moduli
space around the reducible solutions. It is well known that this can be done for
a single moduli space by choosing a sufficiently generic metric, but extending this
to families appears challenging. Nevertheless, the intuition provided by Donaldson
theory turns out to be essentially correct. Theorem 1.6 provides a rigorous version
of Equation (1.2), where φa,b(Bi, Ci) plays the role of κpa
1
,eb(Ei). Note by Remark
1.4, that if −Bi, −Ci are the Chern classes of a rank 3 vector bundle Vi → B with
trivial determinant, then φa,b(Bi, Ci) = κpa
1
eb(Ei), where Ei is the CP
2-bundle
Ei = P(Vi). The natural candidate for Vi is the families index of the instanton
deformation complex around the corresponding reducible, except that we only know
this exists as a virtual vector bundle.
We will prove the main results using families Seiberg–Witten theory, or more
precisely the Bauer–Furuta cohomotopy refinement of Seiberg–Witten theory. The
main advantage of this approach is that it allows us to avoid various transver-
sality issues that typically arise in the construction of moduli spaces. It is quite
surprising that Seiberg–Witten theory works here. The issue is that the families
Seiberg–Witten moduli space is compact and there is no obvious relation between
the families moduli space and the family E. What happens instead is that Seiberg–
Witten theory gives constraints on the topology of the families index associated to
families of Dirac operators on E. We use this to indirectly obtain a series of con-
straints on the cohomology ring H∗(E;Q) of the family E and in turn this gives
constraints on the tautological classes.
1.4. Outline of paper. In §2 we establish some basic results concerning families
of definite 4-manifolds. In §3 we consider the Bauer–Furuta refinement of Seiberg–
Witten theory for a family of definite 4-manifolds. The main result is Theorem 3.1.
The rest of the section is concerned with understanding some of the implications of
this theorem. In §4, we study in great detail the structure of the cohomology rings
H∗(E;Q) of families of definite 4-manifolds and in §5 we prove our main results
TAUTOLOGICAL CLASSES OF DEFINITE 4-MANIFOLDS 7
concerning the tautological classes of such families. §6 and §7 are concerned with
the special cases of CP2 and CP2#CP2 and finally in §8 we study linear relations
in the tautological rings of definite 4-manifolds.
Acknowledgments. The author was financially supported by the Australian Re-
search Council Discovery Project DP170101054.
2. Families of definite 4-manifolds
Throughout the paper X , denotes a smooth, compact, simply-connected 4-
manifold with positive definite intersection form and n = b2(X) ≥ 1. The in-
tersection pairing 〈 , 〉 on H2(X) is a symmetric, unimodular bilinear form. By
Donaldson’s diagonalisation theorem [5], the intersection form on H2(X ;Z) is diag-
onal and so there exists an orthonormal basis ξ1, . . . , ξn for H
2(X ;Z). An orthonor-
mal basis for H2(X ;Z) will be called a framing of H2(X ;Z). Let Λn denote the
free abelian group Zn of rank n and let e1, . . . , en be the standard basis. Equip Λn
with the standard Euclidean inner product. Then a framing ξ1, . . . , ξn of H
2(X ;Z)
determines an isometry φ : Λn → H
2(X ;Z) given by φ(ei) = ξi. LetWn = Aut(Λn)
denote the symmetry group of Λn equipped with its intersection form. Since the
only classes of norm 1 are ±e1, . . . ,±en, it is easy to see that Wn is isomorphic to
a semidirect product
Wn = Sn ⋉ Z
n
2 ,
where the symmetric group Sn acts by permutation: σ(ei) = eσ(i) and the normal
subgroup Zn2 is generated by θ1, . . . , θn, where θi is the reflection in the hyperplane
orthogonal to ei:
θi(ej) =
{
ej j 6= i,
−ej j = i.
Wn is also the Weyl group of the root systems Bn and Cn.
Let Diff(X) denote the group of orientation preserving diffeomorphisms of X
with the C∞-topology and Diff0(X) the subgroup acting trivially on H
2(X ;Z).
Equivalently,Diff0(X) is the subgroup ofDiff(X) preserving a framing ofH
2(X ;Z).
By definition we have a short exact sequence
1→ Diff0(X)→ Diff(X)→ K(X)→ 1
where K(X) is the image of the map Diff(X) → Aut(H2(X ;Z)), which sends a
diffeomorphism f : X → X to the induced map (f−1)∗ : H2(X ;Z) → H2(X ;Z)
(note that if X = #nCP2 then it is easy to see that K(X) = Aut(H2(X ;Z))).
Fixing a framing ξ1, . . . , ξn of H
2(X ;Z), we can identify K(X) with a subgroup
of Wn. Since Wn is finite, so is K(X). Taking classifying spaces, we see that
BDiff0(X) has the structure of a principal K(X)-bundle over BDiff(X). We
now define
BDiff(X) = BDiff0(X)×K(X) Wn.
So BDiff(X) is a principal Wn-bundle over BDiff(X). Let p : BDiff(X) →
BDiff(X) be the covering map. Since p is a finite covering, it follows that the
pullback map p∗ : H∗(BDiff(X);Q) → H∗(BDiff(X);Q) is injective and that
the image is precisely the Wn-invariant part of H
∗(BDiff(X);Q). Therefore we
may identify the tautological ring R∗(X) with a subring of H∗(BDiff(X);Q)
R∗(X) ⊆ H∗(BDiff(X);Q) ⊆ H∗(BDiff(X);Q).
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Remark 2.1. Since BDiff(X) = BDiff0(X) ×K(X) Wn, we have a fibration
BDiff0(X) → BDiff(X) → Wn/K(X). But Wn/K(X) is a finite discrete
set, so BDiff(X) is just the disjoint union of |Wn/K(X)| copies of BDiff0(X).
For this reason it makes little difference whether we work with BDiff0(X) or
BDiff(X). We prefer to use BDiff(X) because the whole isometry group Wn
acts on this space. Note also that for X = #nCP2, we have K(X) = Wn and so
BDiff(X) = BDiff0(X) in this case.
Let π : E → B be a family with fibres diffeomorphic to X . Then E admits a
reduction of structure to Diff0(X) if and only if the monodromy action of π1(B)
on H2 of the fibres is trivial. In such a case, if we choose a framing ξ1, . . . , ξn of a
single fibre and parallel translate, we obtain a framing ξ1(b), . . . , ξn(b) of H
2(Xb;Z)
for each b ∈ B such that the framing varies continuously with b. Henceforth we
will restrict attention to families π : E → B equipped with a reduction of structure
group to Diff0(X). We assume further that a framing has been chosen.
Proposition 2.2. Let π : E → B be a family with structure group Diff0(X).
Then the Leray-Serre spectral sequence for H∗(E;Q) degenerates at E2.
Proof. It suffices prove the result when B is connected. Let e ∈ H4(E;Q) denote
the Euler class of the vertical tangent bundle. For each b ∈ B, we have that
e|Xb is (2 + n) times a generator of H
4(Xb;Q). It follows that all the differentials
of the form dr : E
0,4
r → E
r,5−r
r are zero. Moreover the differentials for r odd
are all zero because H∗(X ;Q) is non-zero only in even degrees. Next, note that
E0,22
∼= H2(X ;Q) (since B is connected). Thus we can identify ξ1, . . . , ξn with
classes in E0,22 . Now ξ
2
j ∈ E
0,4
2 , so
0 = d3(ξ
2
j ) = 2ξjd3(ξj) ∈ E
3,2
3
∼= H2(X ;Q)⊗H3(B;Q).
Hence d3(ξj) = 0. It follows that there exist classes x1, . . . xn ∈ H
2(E;Q) such that
xj |Xb = ξj(b). Now the result follows by the Leray-Hirsch theorem. 
As seen in the proof of Proposition 2.2, there exist classes x1, . . . xn ∈ H
2(E;Q)
such that xj |Xb = ξj(b) (note that in general the classes xj can’t be taken to lie
in H2(E;Z)). The xi are not unique because if a ∈ H
2(B Q) then xj + π
∗(a) also
restricts to ξj(b) on Xb. From the Leray-Serre spectral sequence it is clear that the
xj are unique up to such shifts.
Let ˆ
E/B
: Hk(E;Q)→ Hk−4(B;Q)
denote fibre integration. We clearly haveˆ
E/B
xj = 0,
ˆ
E/B
x2j = 1,
ˆ
E/B
xixj = 0
for all i, j with j 6= i. Let e ∈ H4(E;Q) denote the Euler class and pj ∈ H
4j(E;Q)
the Pontryagin classes of the vertical tangent bundle. Since the fibres are 4-
dimensional, we have pj = 0 for j > 2 and p2 = e
2. So all rational characteristic
classes of the vertical tangent bundle can be expressed in terms of p1 and e. From
the Gauss-Bonnet and signature theorems, we haveˆ
E/B
e = χ(X) = n+ 2,
ˆ
E/B
p1 = 3σ(X) = 3n.
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Proposition 2.3. Let π : E → B be a family with structure group Diff0(X)
and framing ξ1, . . . , ξn. Then there exist uniquely determined classes x1, . . . xn ∈
H2(E;Q) and ν ∈ H4(E;Q) such that
(1) xj |Xb = ξj(b) for j = 1, . . . n,
(2)
´
E/B
x3j = 0 for j = 1, . . . n,
(3)
´
E/B ν = 1,
(4)
´
E/B xjν = 0 for j = 1, . . . n,
(5)
´
E/B ν
2 = 0.
Proof. We already saw that there exist classes y1, . . . , yn ∈ H
2(E;Q) such that
yj|Xb = ξj(b). Now set
xj = yj −
1
3
π∗
(ˆ
E/B
y3j
)
.
Then it is straightforward that the xj satisfy (1) and (2). Now let ν0 = x
2
1 ∈
H4(E;Q). This satisfies (3). Now set
ν1 = ν0 −
n∑
j=1
π∗
(ˆ
E/B
xjν0
)
xj .
Then ν1 clearly satisfies (3) and (4). Moreover any other class satisfying (3) and
(4) must be of the form ν1 + π
∗(a) for some a ∈ H4(B;Q). Set
ν = ν1 −
1
2
π∗
(ˆ
E/B
ν21
)
.
Then ν satisfies (3),(4),(5). Uniqueness of ν and the xi is straightforward. 
In summary, H∗(E;Q) is a free H∗(B;Q)-module with a uniquely determined
basis 1, x1, . . . , xn, ν satisfying
(1)
´
E/B
1 = 0,
(2)
´
E/B
xj = 0 for j = 1, . . . n,
(3)
´
E/B
x2j = 1 for j = 1, . . . n,
(4)
´
E/B
xixj = 0 for i, j = 1, . . . n, i 6= j,
(5)
´
E/B
x3j = 0 for j = 1, . . . n,
(6)
´
E/B ν = 1,
(7)
´
E/B xjν = 0 for j = 1, . . . n,
(8)
´
E/B ν
2 = 0.
The cup product on H∗(E;Q) will be completely determined by the products
xixj for i 6= j, x
2
i , xiν, ν
2.
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By (1)-(8) above, these products must have the form
xixj =
∑
k
Dkijxk + Eij ,
x2i = ν +
∑
j
Fijxj +Gi
xiν =
∑
j
Iijxj + Ji
ν2 =
∑
j
Kjxj + ω
for some classes Dkij , Fij ∈ H
2(B;Q), Eij , Gi, Iij ∈ H
4(B;Q), Ji,Ki ∈ H
6(B;Q),
ω ∈ H8(B;Q). We can assume also that Dkij is symmetric in i and j. Note that
the classes Dkij , . . . ,Ki are uniquely determined because 1, x1, . . . , xn, ν is a basis
for H∗(E;Q) as a H∗(B;Q)-module.
Proposition 2.4. We have the following identities:
Fij = D
i
ij for i 6= j,
Fii = 0,
Iij = Eij for i 6= j,
Iii = Gi,
Ki = Ji.
Proof. We have
ˆ
E/B
x2i xj =
ˆ
E/B
xi
(∑
k
Dkijxk + Eij
)
= Diij .
On the other handˆ
E/B
x2i xj =
ˆ
E/B
xj
(
ν +
∑
k
Fikxk +Gi
)
= Fij .
Equating these gives Fij = D
i
ij for i 6= j. Similarly from
´
E/B
x3i = 0 we get
that Fii = 0. Evaluating
´
E/B xixjν two different ways gives Iij = Eij for i 6= j,
evaluating
´
E/B x
2
i ν in two different ways gives Iii = Gi and evaluating
´
E/B xiν
2
in two different ways gives Ki = Ji. 
After making the simplifications given by Proposition 2.4 we have
xixj =
∑
k
Dkijxk + Eij ,
x2i = ν +
∑
j|j 6=i
Diijxj +Gi
xiν = Gixi +
∑
j|j 6=i
Eijxj + Ji
ν2 =
∑
j
Jjxj + ω.
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3. Families Bauer–Furuta Theory
Let X be a compact, oriented, smooth 4-manifold with b1(X) = 0. Let s be
a spinc-structure on X with characteristic c = c1(s) ∈ H
2(X ;Z). Let d = (c2 −
σ(X))/8 be the index of the associated spinc Dirac operator.
Let S1 act on C by scalar multiplication and trivially on R. As shown by Bauer
and Furuta [3], one can take a finite dimensional approximation of the Seiberg–
Witten equations for (X, s) to obtain an S1-equivariant map
f : (Ca ⊕ Rb)+ → (Ca
′
⊕ Rb
′
)+
for some a, b, a′, b′ ≥ 0, where a − a′ = d, b′ − b = b+(X). Here T
+ denotes the
one-point compactification of T . By construction, f sends the point at infinity in
(Ca ⊕ Rb)+ to the point at infinity in (Ca
′
⊕ Rb
′
)+. Additionally, f can be chosen
so that its restriction f |(Rb)+ : (R
b)+ → (Rb
′
)+ is the map induced by an inclusion
of vector spaces Rb ⊆ Rb
′
. For the purposes of this paper, it is more convenient
to look at the Seiberg–Witten equations on X with the opposite orientation. Once
again we obtain an S1-equivariant map of the form
f : (Ca ⊕ Rb)+ → (Ca
′
⊕ Rb
′
)+, (3.1)
but now a, a′, b, b′ satisfy a′ − a = d, b′ − b = b−(X).
The process of taking a finite dimensional approximation of the Seiberg–Witten
equations can be carried out in families [19], [2]. Let B be a compact smooth
manifold. Consider a smooth family π : E → B with fibres diffeomorphic to X
and suppose that there is a spinc-structure sE/B on T (E/B) which restricts to s on
the fibres of E. Taking a finite dimensional approximation of the Seiberg–Witten
equations for the family E (with the opposite orientation on X), we obtain a family
of maps of the form (3.1). More precisely, we obtain complex vector bundles V, V ′
over B of ranks a, a′, real vector bundles U,U ′ over B of ranks b, b′ and an S1-
equivariant map of sphere bundles
f : SV,U → SV ′,U ′
covering the identity on B. Here SV,U , SV ′,U ′ denote the fibrewise one-point com-
pactifications of V ⊕U and V ′⊕U ′. The group S1 acts on V, V ′ by scalar multipli-
cation and trivially on U,U ′. The action of S1 on the direct sums V ⊕U , V ′⊕U ′ ex-
tends continuously to the fibrewise one-point compactifications SV,U , SV ′,U ′ . More-
over, the following relations hold in K0(B) and KO0(B) respectively:
V ′ − V = D, U ′ − U = H−(X),
where D ∈ K0(B) is the families index of the family of spinc Dirac operators on E
determined by sE/B and H
−(X) is the vector bundle on B whose fibre over b ∈ B
is the space of harmonic anti-self-dual 2-forms on the fibre of E over b (with respect
to some smoothly varying fibrewise metric on E). By stabilising the map f , we
can assume that V, U are trivial vector bundles. As shown in [2], the map f may
be constructed so as to satisfy two further properties. First, we may assume that
U ′ ∼= U ⊕H−(X) and that the restriction f |SU : SU → SU ′ is the map induced by
the inclusion U → U ′. Second, we may assume that f sends the point at infinity in
each fibre of SV,U to the point at infinity of the corresponding fibre of SV ′,U ′ . Let
BV,U ⊆ SV,U denote the section at infinity and similarly define BV ′,U ′ ⊆ SV ′,U ′ .
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Then f sends BV,U to BV ′,U ′ . Hence f defines an S
1-equivariant map of pairs
f : (SV,U , BV,U )→ (SV ′,U ′ , BV ′,U ′).
Theorem 3.1. Suppose that π : E → B is a smooth family of simply-connected,
positive definite 4-manifolds over a compact base B and that T (E/B) admits a
spinc-structure sE/B. Let D ∈ K
0(B) denote the index of the family of spinc-Dirac
operators associated to sE/B. Then cj(D) = 0 for j > d, where d is the virtual rank
of D.
Proof. This result is a variant of [1, Theorem 1.1]. We give a streamlined proof.
As explained above, taking a finite dimensional approximation of the Seiberg–
Witten equations for the family E (with opposite orientation on X), we obtain
an S1-equivariant monopole map f : SV,U → SV ′,U ′ . Since X is positive definite,
H−(X) = 0 and U ′ = U . So f takes the form
f : SV,U → SV ′,U ,
with the property that f |SU is the identity SU → SU . We also have that V
′−V = D.
Let τV,U and τV ′,U denote the S
1-equivariant Thom classes of SV,U and SV ′,U .
Consider the commutative diagram
(SV,U , BV,U )
f
// (SV ′,U , BV,U )
(SU , BU )
j
OO
id // (SU , BU )
j′
OO
By the Thom isomorphism in equivariant cohomology, we must have
f∗(τV ′,U ) = β τV,U
for some β ∈ H2dS1(B;Z). On the other hand j
∗(τV,U ) = eS1(V )τU and (j
′)∗(τV ′,U ) =
eS1(V
′)τU , where eS1(V ), eS1(V
′) denote the S1-equivariant Euler classes of V and
V ′ and τU is the S
1-equivariant Thom class of U . Therefore
βeS1(V )τU = j
∗(βτV,U )
= j∗f∗(τV ′,U )
= (j′)∗(τV ′,U )
= eS1(V
′)τU .
Hence
eS1(V
′) = βeS1(V ) (3.2)
for some β ∈ H2dS1(B;Z). Note that since S
1 acts trivially on B we haveH∗S1(B;Z)
∼=
H∗(B;Z)[x], where H∗S1(pt;Z) = Z[x]. Using a splitting principle argument, it
is easy to see that if S1 acts on a complex rank m vector bundle W by scalar
multiplication, then
eS1(W ) = x
m + xm−1c1(W ) + · · ·+ cm(W ).
Now by stabilisation, we may assume that V is a trivial bundle: V ∼= Ca. Then V ′
has the same Chern classes as D. So
eS1(V
′) = xa
′
+ xa
′−1c1(D) + · · ·+ ca′(D), eS1(V ) = x
a.
Then, writing
β = β0x
d + β1x
d−1 + · · ·+ βd,
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Equation (3.2) becomes
xa
′
+ xa
′−1c1(D) + · · ·+ ca′(D) = β0x
d+a + β1x
d+a−1 + · · ·+ βdx
a.
Then since d+ a = a′, it follows that βj = cj(D) for 0 ≤ j ≤ d and that cj(D) = 0
for j > d. 
Lemma 3.2. Let P → B be a principal PU(m)-bundle and π : E → B the
associated CPm−1-bundle. Then the pullback π∗(P ) of P to the total space of E
admits a lift of structure group to U(m).
Proof. Let {Ui} be an open cover of B on which local trivialisations of P are chosen.
Let gij : Uij → PU(m) be the transition functions (Uij = Ui ∩ Uj). Refining the
cover if necessary, we may assume that each gij can be lifted to a continuous map
g˜ij : Uij → U(m). The cocycle condition gijgjkgki = 1 implies that
g˜ij g˜jk g˜ki = ζijk
for some 2-cocycle ζijk : Uijk → U(1). For each i, let Ei = E|Ui = π
−1(Ui). Then
{Ei} is an open cover of E. The trivialisation of P on Ui gives a trivialisation
Ei ∼= Ui×CP
m−1 and the associated transition functions Ej |Uij → Ei|Uij are given
by
(u, [v]) 7→ (u, gij [v]) = (u, [g˜ij(u)v])
where v ∈ Cm − {0} and [v] denotes the corresponding element of CPm−1. Let
W˜i = Ui × (C
m − {0})× Cm
and let Wi = W˜i/C
∗, where the C∗-action is λ(u, v, w) = (u, λv, λw). Then Wi is a
vector bundle over Ei with projection map Wi → Ei given by (u, v, w) 7→ (u, [v]).
Now we lift the transition functions for {Ei} to {Wi} as follows: let hij :Wj |Uij →
Wi|Uij be given by
hij(u, v, w) = (u, g˜ij(u)v, g˜ij(u)w).
Then over Uijk, we have
hijhjkhki(u, v, w) = (u, ζijkv, ζijkw) = ζijk(u, v, w).
But since we have divided out by the C∗-action, this means that hijhjkhki = 1. It
follows that the hij define transition functions for a vector bundle W → E. The
underlying projective bundle P(W ) has transition functions
(u, [v], [w]) 7→ (u, gij(u)[v], gij(u)[w]).
Clearly, this is the pullback of E → B to the total space of itself. It follows that
the principal U(m)-bundle associated to W is a lift of the principal PU(m) bundle
π∗(P ). 
Lemma 3.3. There exists a fibre bundle ρ : F → B such that :
(1) ρ∗ : H∗(B;Q)→ H∗(F ;Q) is injective.
(2) For i = 1, . . . , n there exist classes ζi ∈ H
2(ρ∗(E);Z) such that ζi restricted
to the fibres of ρ∗(E) equals ξi.
Proof. Consider the Leray-Serre spectral sequence Ep,qr for π : E → B. Note that
Ep,q2 = E
p,q
3 . We have seen that d3(ξj) is zero rationally, but it need not be zero
over Z. Therefore gj = d3(ξj) ∈ E
3,0
3 = H
3(B;Z) for j = 1, . . . , n are all torsion
classes. By a result of Serre [11], every torsion class in H3(B;Z) is represented
by the lifting obstruction for some principal PU(m)-bundle, where the rank m is
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allowed to vary. Thus for i = 1, . . . , n we can find an mi and a principal PU(mi)-
bundle Pi → B such that gi is the lifting obstruction for Pi. Let πi : Ei → B be the
associated CPmi−1-bundle. By Lemma 3.2, the pullback of gi to Ei must vanish.
Let F = E1 ×B E2 ×B · · · ×B En and let ρ : F → B be the projection. By
induction on n it is straightforward to see that ρ∗ : H∗(B;Q) → H∗(F ;Q) is
injective. Moreover we have ρ∗(gi) = 0 for all i. Hence the Leray-Serre spectral
sequence for ρ∗(E) → B degenerates over Z at E2. Hence for i = 1, . . . , n, there
exist classes ζi ∈ H
2(ρ∗(E);Z) such that ζi restricted to the fibres of ρ
∗(E) equals
ξi. 
Theorem 3.4. Let π : E → B be a family with structure group Diff0(X). Thenˆ
E/B
e(ǫ1x1+···+ǫnxn)/2Aˆ(T (E/B)) = 0
for all ǫ1, . . . , ǫn ∈ {1,−1}.
Proof. Let ρ : F → B be as in the statement of Lemma 3.3. Since ρ∗ : H∗(B;Q)→
H∗(F ;Q) is injective, to show that
ˆ
E/B
e(ǫ1x1+···+ǫnxn)/2Aˆ(T (E/B))
is zero, it suffices to show that it pulls back to zero under ρ. Therefore we may
restrict to families with the property that there exists classes ζ1, . . . , ζn ∈ H
2(E;Z)
such that ζi restricted to the fibres of E equals ξi. Let
c = ǫ1ζ1 + ǫ1ζ2 + · · ·+ ǫnζn ∈ H
2(E;Z).
Then c is a characteristic for T (E/B) in the sense that the mod 2 reduction of c is
w2(T (E/B)). Therefore the third integral Stiefel-Whitney class of T (E/B) vanishes
and so T (E/B) admits some spinc-structure s′. Let c′ = c1(s
′) ∈ H2(E;Z). Then
since c′ is a characteristic for T (E/B), we must have
c′ =
n∑
i=1
kiζi + π
∗(η)
for some odd integers k1, . . . , kn and some η ∈ H
2(B;Z). For each i, let Li → E
be the line bundle with c1(Li) = ζi. The set of spin
c-structures for T (E/B) is a
torsor over the group of line bundles on E. So we may consider the spinc-structure
s = La11 ⊗ L
a2
2 ⊗ · · · ⊗ L
an
n ⊗ s
′,
where ai = (ǫi − ki)/2. It follows that c1(s) = c+ π
∗(η). Now we apply Theorem
3.1 to the family E → B equipped with the spinc-structure s. Let D ∈ K0(B) be
the families index of this spinc-structure. Since
c1(s)|X = (c+ π
∗(η))|X = ǫ1ξ1 + · · ·+ ǫnξn,
we find (by the Atiyah-Singer index theorem) that the virtual rank of D is given
by
d =
(ǫ1ξ1 + · · ·+ ǫnξn)
2 − n
8
=
n− n
8
= 0.
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Therefore, 3.1 says that cj(D) = 0 ∈ H
2j(B;Q) for all j > 0. So Ch(D) = 0. Now
by the families index theorem, we get that
Ch(D) = 0 =
ˆ
E/B
ec1(s)/2Aˆ(T (E/B)) = 0.
To finish, we observe that since xi|X = ξi = ζi|X , it follows that ζi = xi + π
∗(ηi)
for some ηi ∈ H
2(B;Q). Therefore
c1(s) = ǫ1x1 + ǫ2x2 + · · · ǫnxn + π
∗(η + ǫ1η1 + · · ·+ ǫnηn)
and hence
Ch(D) = 0 =
ˆ
E/B
e(ǫ1x1+ǫ2x2+···ǫnxn+π
∗(η+ǫ1η1+···+ǫnηn))/2Aˆ(T (E/B))
= eπ
∗(η+ǫ1η1+···+ǫnηn)/2
ˆ
E/B
e(ǫ1x1+ǫ2x2+···ǫnxn)/2Aˆ(T (E/B)).
Multiplying through by e−π
∗(η+ǫ1η1+···+ǫnηn)/2, we obtain the theorem.

Theorem 3.5. Let π : E → B be a family with structure group Diff0(X). Fix
i ∈ {1, . . . , n} and for each j 6= i, 1 ≤ j ≤ n, let ǫj ∈ {1,−1} be given. Set
c = 3xi +
∑
j|j 6=i
ǫjxj .
Then ˆ
E/B
ec/2Aˆ(T (E/B)) = eu,
where u ∈ H2(B;Q) is given by
u =
ˆ
E/B
1
48
c3 −
1
48
p1c.
Proof. As in the proof of Theorem 3.4, it suffices to prove the result for families with
the property that there exists classes ζ1, . . . , ζn ∈ H
2(E;Z) such that ζi restricted
to the fibres of E equals ξi. Let
c = 3xi +
∑
j|j 6=i
ǫjxj .
Arguing as in the proof of Theorem 3.4, we have that there exists a spinc structure
s such that c1(s) = c+π
∗(η) for some η ∈ H2(B;Q). We apply Theorem 3.1 to the
family E → B equipped with the spinc-structure s. Let D ∈ K0(B) be the families
index of this spinc-structure. Since
c1(s)|X = 3ξ1 +
∑
j|j 6=i
ǫjξj ,
we find that the virtual rank of D is given by
d =
(3ξi +
∑
j|j 6=i ǫjξj)
2 − n
8
=
9 + (n− 1)− n
8
=
8
8
= 1.
Therefore, 3.1 says that cj(D) = 0 ∈ H
2j(B;Q) for all j > 1. Using the Newton
identities and the fact that D has virtual rank 1, we find that
Ch(D) = ec1(D).
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Now by the families index theorem, we get that
Ch(D) = ec1(D) =
ˆ
E/B
ec1(s)/2Aˆ(T (E/B)) =
ˆ
E/B
e(c+π
∗(η))/2Aˆ(T (E/B)).
Therefore ˆ
E/B
ec/2Aˆ(T (E/B)) = eu, (3.3)
where u = c1(D) − π
∗(η)/2. Equating degree 2 components in Equation (3.3), we
find that
u =
ˆ
E/B
1
48
c3 −
1
48
p1c.

4. Cohomology rings of families
Proposition 4.1. Let π : E → B be a family with structure group Diff0(X). The
following identities hold:
0 =
ˆ
E/B
xixjxi (for distinct i, j, k), (4.1)
0 =
ˆ
E/B
x3i + 3 ∑
j|j 6=i
xix
2
j − p1xi
 (for each i), (4.2)
0 =
ˆ
E/B
xix3j + x3i xj + 3 ∑
k|k 6=i,j
xixjx
2
k − p1xixj
 (for distinct i, j), (4.3)
0 =
ˆ
E/B
∑
i
x4i + 6
∑
i,j|i<j
x2i x
2
j + 3e
2 − 2p1
∑
i
x2i
 . (4.4)
Proof. Theorem 3.4 givesˆ
E/B
e(ǫ1x1+···+ǫnxn)/2Aˆ(T (E/B)) = 0.
Expanding out the exponential and integrating, we see that the degree 2m compo-
nent of the left hand side has the form∑
|I|≤m+2
ǫIαm,I
for some cohomology classes αm,I ∈ H
2m(B;Q), where the sum is over subsets of
{1, 2, . . . , n} of size ≤ m+ 2 and
ǫI =
∏
i∈I
ǫi.
Each ǫI can be thought of as a function ǫI : {1,−1}
n → Q. Thought of this way,
the {ǫI}I are linearly independent (indeed they are the characters of Z
n
2 ). By linear
independence, of the ǫI , it follows that ifˆ
E/B
e(ǫ1x1+···+ǫnxn)/2Aˆ(T (E/B)) = 0
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for all ǫ1, . . . , ǫn ∈ {1,−1}, then each class αm,I must be zero. In degree 2m = 2,
we get
0 =
ˆ
E/B
xixjxi (for distinct i, j, k),
which comes from α1,{i,j,k} = 0 and
0 =
ˆ
E/B
x3i + 3 ∑
j|j 6=i
xix
2
j − p1xi
 (for each i),
which comes from α1,{i} = 0. Notice that α1,∅ = 0 and α1,{i,j} = 0 hold au-
tomatically. In general it is clear that αm,I = 0 holds automatically whenever
|I| 6= m (mod 2). In degree 2m = 4, we get
0 =
ˆ
E/B
xix3j + x3i xj + 3 ∑
k|k 6=i,j
xixjx
2
k − p1xixj
 (for distinct i, j), and
0 =
ˆ
E/B
∑
i
x4i + 6
∑
i,j|i<j
x2i x
2
j + 3e
2 − 2p1
∑
i
x2i
 ,
which come from α2,{i,j} = 0 and α2,∅ = 0 respectively. 
There is also an equation corresponding to α2,{i,j,k,l} = 0, but it turns out that
this follows from (4.1), so doesn’t give any further constraints.
Proposition 4.2. We have that
Dkij = 0 whenever k 6= i or j.
Henceforth we shall denote Diij by Dij (note that D
j
ij = D
j
ji = Dji). Moreover, we
have:
Eij = −DijDji for all i 6= j.
Hence the cup product on H∗(E;Q) has the form
xixj = Dijxi +Djixj −DijDji,
x2i = ν +
∑
j|j 6=i
Dijxj +Gi,
xiν = Gixi −
∑
j|j 6=i
DijDjixj + Ji,
ν2 =
∑
j
Jjxj + ω.
Proof. Since xixj =
∑
kD
k
ijxk + Eij , Equation (4.1) implies that
Dkij = 0 whenever k 6= i or j.
As stated in the proposition, we will henceforth denote Diij simply by Dij . Next
consider p1 ∈ H
4(E;Q). Since
´
E/B p1 = 3n, we may write p1 in the form
p1 = 3nν +
∑
i
λixi + τ
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for some λ1, . . . λn ∈ H
2(B;Q) and τ ∈ H4(B;Q). From (4.2) one finds
λi = 3
∑
j|j 6=i
Dji.
Next, we note thatˆ
E/B
x3i xj =
ˆ
E/B
x2i (Dijxi +Djixj + Eij) = DijDji + Eij ,
ˆ
E/B
xixjx
2
k =
ˆ
E/B
(Dijxi +Djixj + Eij)x
2
k = DijDki +DjiDkj + Eij
for i, j, k distinct, andˆ
E/B
p1xixj =
ˆ
E/B
(3nν +
∑
k
λkxk + τ)xixj
= 3nEij +Dijλi +Djiλj
= 3nEij + 6DijDji + 3
∑
k|k 6=i,j
(DijDki +DjiDkj)
Hence (4.3) gives:
2(DijDji+Eij)+3
∑
k|k 6=i,j
(DijDki+DjiDkj+Eij)−3nEij−6DijDji−3
∑
k|k 6=i,j
(DijDki+DjiDkj) = 0,
which simplifies to
2(DijDji + Eij) + 3(n− 2)Eij − 3nEij − 6DijDji = 0,
or
−4(DijDji + Eij) = 0.
So we have
Eij = −DijDji.

A surprising consequence of Proposition 4.2 is that the equation for xixj ,
xixj = Dijxi +Djixj −DijDji,
can be written more compactly as
(xi −Dji)(xj −Dij) = 0.
From Proposition 4.2, the cup product on H∗(E;Q) is determined by classes
Dij , Gi, Ji, ω. However there are certain constraints that these classes must satisfy
arising from associativity of the cup product.
Proposition 4.3. The classes Dij, Gi, Ji and ω satisfy the following equations:
(Dij −Dkj)(Dik −Djk) = 0 (for distinct i, j, k), (4.5)
Gi +Gj +
∑
k|k 6=i,j
DikDjk = D
2
ij +D
2
ji (for distinct i, j), (4.6)
Jj +DijGj −
∑
k|k 6=i,j
DikDjkDkj = DijGi −DijD
2
ji (for distinct i, j), (4.7)∑
j|j 6=i
JjDij + ω = G
2
i +
∑
j|j 6=i
D2ijD
2
ji (for all i). (4.8)
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Proof. Recall the cup product on H∗(E;Q) is given in Proposition 4.2. Associativ-
ity of this product gives contraints on Dij , Gi, Ji, ω. Let i, j, k be distinct. From
(xixj)xk = xi(xjxk)
we obtain Equation (4.5). From
(x2i )xj = xi(xixj)
we obtain Equation (4.6). From
(x2i )ν = xi(xiν)
we obtain Equation (4.7) and from
xi(ν
2) = (xiν)ν
we obtain Equation (4.8). 
Conversely, it can be checked that Equations (4.5) - (4.8) imply associativity of
the product given in Proposition 4.2, so there are no further equations that can be
obtained from associativity alone.
Proposition 4.4. For each i = 1, . . . , n, we have
x3i = Bixi + Ci,
where
Bi = 2Gi +
∑
j|j 6=i
D2ij , (4.9)
Ci = Ji −
∑
j|j 6=i
D2ijDji. (4.10)
Proof. We have
x2i = ν +
∑
j|j 6=i
Dijxj +Gi.
Multiplying both sides by xi and using xiν = Gixi −
∑
j|j 6=iDijDjixj + Ji, we get
x3i = xiν +
∑
j|j 6=i
Dij(xixj) +Gixi
= 2Gixi −
∑
j|j 6=i
DijDjixj + Ji +
∑
j|j 6=i
Dij(Dijxi +Djixj −DijDji)
= (2Gi +
∑
j|j 6=i
D2ij)xi + Ji −
∑
j|j 6=i
D2ijDji
= Bixi + Ci.

Proposition 4.5. For distinct i, j, we have
D3ji = BiDji + Ci.
In other words, Dji satisfies the same cubic equation as xi.
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Proof. Recall that xixj = Dijxi +Djixj −DijDji. Therefore
xi(xj −Dij) = Dji(xj −Dij).
By repeated application of this identity we see that xki (xj −Dij) = D
k
ji(xj −Dij)
for any k ≥ 0. Using this and Proposition 4.4, we have
D3ji(xj −Dij) = x
3
ij(xj −Dij) = (Bixi + Ci)(xj −Dij) = (BiDji + Ci)(xj −Dij).
Multiplying both sides by xj and integrating over the fibres gives
D3ji = BiDji + Ci.

Proposition 4.6. There exists a class µ ∈ H4(B;Q) such that
p1 = 3(x
2
1 + · · ·+ x
2
n) + µ.
Proof. By the signature theorem,
´
E/B p1 = 3n. Therefore
p1 = 3(x
2
1 + · · ·+ x
2
n) +
n∑
i=1
dixi + µ
for some di ∈ H
2(B;Q) and some µ ∈ H4(B;Q). Then using Equation (4.2), we
find that di = 0 for all i and hence
p1 = 3(x
2
1 + · · ·+ x
2
n) + µ.

Proposition 4.7. For each i, we have
−2Bi + 3
∑
j|j 6=i
D2ij + µ = 0.
Proof. We use Theorem 3.5. For j 6= i, let ǫj ∈ {1,−1} and set
c = 3xi +
∑
j|j 6=i
ǫjxj .
Then ˆ
E/B
ec/2Aˆ(T (E/B)) = eu, (4.11)
where
u =
ˆ
E/B
1
48
c3 −
1
48
p1c.
Since u is cubic in c, it can be expanded in the form
u = u0 +
∑
j|j 6=i
ǫjuj +
∑
j,k|i,j,k distinct
ǫjǫkujk +
∑
j,k,l|i,j,k,l distinct
ǫjǫkǫlujkl
for some u0, uj , ujk, ujkl ∈ H
2(B;Q). From Proposition 4.6 we find that
u =
1
48
ˆ
E/B
(3xi + ∑
j|j 6=i
ǫjxj)
3 − (3xi +
∑
j|j 6=i
ǫjxj)(3(x
2
1 + · · ·+ x
2
n) + µ)
 .
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Expanding this out, we find
u0 =
1
48
ˆ
E/B
27x3i + 9xi ∑
j|j 6=i
x2j − 9x
3
i − 9xi
∑
j|j 6=i
x2j
 = 3
8
ˆ
E/B
x3i = 0,
uj =
1
48
ˆ
E/B
27x2ixj + x3j + 3xj ∑
k|k 6=i,j
x2k − 3x
3
j − 3xj
∑
k|k 6=j
x2k

=
1
48
ˆ
E/B
27x2ixj + 3xj ∑
k|k 6=i,j
x2k − 3xj
∑
k|k 6=i,j
x2k − 3xjx
2
i

=
1
48
ˆ
E/B
(
24x2ixj
)
=
1
2
ˆ
E/B
x2i xj =
1
2
Dij .
We also have
uij =
1
48
ˆ
E/B
(18xixjxk) = 0,
and
uijk =
1
48
ˆ
E/B
(6xixjxk) = 0.
So
u =
1
2
∑
j|j 6=i
ǫjDij .
It follows that
1
2
u2 =
1
8
∑
j|j 6=i
D2ij + 2
∑
j,k|i,j,k distinct
ǫjǫkDijDik
 . (4.12)
Equating degree 4 components of Equation (4.11), we get that
1
2
u2 =
ˆ
E/B
(
1
384
c4 −
1
192
c2p1 +
1
5760
(7p21 − 4e
2)
)
. (4.13)
Observe that
c− 2xi = xi +
∑
j|j 6=i
ǫjxj .
Therefore, Theorem 3.4 gives:ˆ
E/B
e(c−2xi)/2Aˆ(T (E/B)) = 0.
Extracting the degree 4 terms, we findˆ
E/B
(
1
384
(c− 2xi)
4 −
1
192
(c− 2xi)
2p1 +
1
5760
(7p21 − 4e
2)
)
= 0. (4.14)
Combining Equations (4.13) and (4.14) gives:
1
2
u2 =
ˆ
E/B
(
1
384
[c4 − (c− 2xi)
4]−
1
192
[c2 − (c− 2xi)
2]p1
)
.
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The right hand side can be expanded out in the form
∑
I ǫIvI for some vI ∈
H4(B;Q). We will be interested in the constant term v∅ (here “constant” means
independent of the ǫj). Comparing with Equation (4.12), we have
v∅ =
1
8
∑
j|j 6=i
D2ij .
Using Proposition 4.6, we find
−
1
192
ˆ
E/B
[c2−(c−2xi)
2]p1 = −
1
48
ˆ
E/B
(3xi + ∑
j|j 6=i
ǫjxj)xi − x
2
i
(3(x21 + · · ·+ x2n) + µ) .
The constant term in this expression is
−
1
48
ˆ
E/B
(3x2i − x
2
i )(3(x
2
1 + · · ·+ x
2
n) + µ) = −
1
24
ˆ
E/B
(3x4i + 3x
2
i
∑
j|j 6=i
x2j + µ)
= −
1
8
Bi −
1
8
∑
j|j 6=i
ˆ
E/B
x2i x
2
j −
1
24
µ.
(4.15)
Also, we have
1
384
ˆ
E/B
(c4 − (c− 2xi)
4) =
1
48
ˆ
E/B
(
c3xi − 3c
2x2i + 4cx
3
i − 2x
4
i
)
.
The constant term in this expression is
1
48
−2Bi + 12Bi − 27Bi − 3 ∑
j|j 6=i
ˆ
E/B
x2i x
2
j + 27Bi + 9
∑
j|j 6=i
ˆ
E/B
x2i x
2
j

=
1
48
10Bi + 6 ∑
j|j 6=i
ˆ
E/B
x2i x
2
j

=
5
24
Bi +
1
8
∑
j|j 6=i
ˆ
E/B
x2i x
2
j .
(4.16)
Combining the constant terms from (4.15) and (4.16) and equating this to v∅, we
obtain
1
8
∑
j|j 6=i
D2ij = −
1
8
Bi −
1
8
∑
j|j 6=i
ˆ
E/B
x2ix
2
j −
1
24
µ+
5
24
Bi +
1
8
∑
j|j 6=i
ˆ
E/B
x2i x
2
j
=
1
12
Bi −
1
24
µ.
Hence
3
∑
j|j 6=i
D2ij = 2Bi − µ.

We will make use of the following result [18, Lemma 2.3]:
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Lemma 4.8. For any α ∈ Hev(E;Q), we haveˆ
E/B
αe = Trace (α : Hev(E;Q)→ Hev(E;Q))
where we view Hev(E;Q) as a finite dimensional free module over Hev(B;Q).
Proposition 4.9. We have
e = 2ν + x21 + · · ·+ x
2
n.
Proof. From Lemma 4.8 and Proposition 4.2, we find thatˆ
E/B
exi =
∑
j|j 6=i
Dji
and ˆ
E/B
eν =
n∑
i=1
Gi.
From
´
E/B
e = χ(X) = 2 + n, it follows that
e = 2ν + x21 + · · ·+ xn +
n∑
i=1
vixi + w
for some vi ∈ H
2(B;Q) and some w ∈ H4(B;Q). By direct computation one finds
that ˆ
E/B
exi = vi +
∑
j|j 6=i
Dji
and ˆ
E/B
eν =
n∑
i=1
Gi + w.
Therefore vi = 0 for all i and w = 0, so that
e = 2ν + x21 + · · ·+ x
2
n.

5. Tautological classes
The next result is a kind of diagonalisation theorem for fibre integrals.
Proposition 5.1 (Integration formula). Let f(t1, . . . , tn) be a polynomial in t1, . . . , tn
with coefficients in Hev(B;Q). Thenˆ
E/B
f(x1, . . . , xn) =
n∑
j=1
ˆ
E/B
fj(xj), (5.1)
where
fj(xj) = f(Dj1, . . . , Dj(j−1), xj , Dj(j+1), . . . , Djn).
Proof. We prove this by induction. Let m ≤ n. Suppose we have shown that (5.3)
holds whenever f is a polynomial in m or fewer of the variables t1, . . . , tm. The
base case m = 1 is trivially true. Suppose the result holds for 1 ≤ m < n. To
prove the m+1 case in general, it is enough to prove it for polynomials of the form
taj f(ti1 , . . . , tim) for some j, i1, . . . , im and some a ≥ 1. Without loss of generality,
it is enough to prove it for polynomials of the form tam+1f(t1, . . . , tm), since we can
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get the result for taj f(ti1 , . . . , tim) from this by reordering the indices. Note that
from xm+1x1 = D(m+1)1xm+1D1(m+1)x1 −D(m+1)1D1(m+1), we get that
xm+1(x1 −D(m+1)1) = D1(m+1)(x1 −D(m+1)1).
Next, by the division algorithm we can write
f(x1, . . . , xm) = f(D(m+1)1, x2, . . . , xm) + (x1 −D(m+1)1)g(x1, . . . , xm)
for some polynomial g(x1, . . . , xm). Then
ˆ
E/B
xam+1f(x1, . . . , xm) =
ˆ
E/B
xam+1
(
f(D(m+1)1, x2, . . . , xm) + (x1 −D(m+1)1)g(x1, . . . , xm)
)
=
ˆ
E/B
xam+1f(D(m+1)1, x2, . . . , xm)) +D
a
1(m+1)(x1 −D(m+1)1)g(x1, . . . , xm).
Both terms involve at most m variables, so by induction we get
ˆ
E/B
xam+1f(D(m+1)1, x2, . . . , xm) =
ˆ
E/B
xam+1f(D(m+1)1, D(m+1)2, . . . , D(m+1)m)
+
ˆ
E/B
m∑
j=1
Daj(m+1)f(D(m+1)1, Dj2, . . . , Dj(j−1), xj , Dj(j+1), . . . , Djm)
and
ˆ
E/B
Da1(m+1)(x1 −D(m+1)1)g(x1, . . . , xm)
=
ˆ
E/B
m∑
j=1
Da1(m+1)(Dj1 −D(m+1)1)g(Dj1, . . . , Dj(j−1), xj , Dj(j+1), . . . , Djm)
=
ˆ
E/B
m∑
j=1
Daj(m+1)(Dj1 −D(m+1)1)g(Dj1, . . . , Dj(j−1), xj , Dj(j+1), . . . , Djm)
To get the last line we used the following special case of Equation (4.5)
(D1(m+1) −Dj(m+1))(Dj1 −D(m+1)1) = 0
to deduce that
D1(m+1)(Dj1 −D(m+1)1) = Dj(m+1)(Dj1 −D(m+1)1)
and hence by repeated application of this identity, that
Da1(m+1)(Dj1 −D(m+1)1) = D
a
j(m+1)(Dj1 −D(m+1)1).
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Adding these two equalities we getˆ
E/B
xam+1f(x1, . . . , xm) =
ˆ
E/B
xam+1f(D(m+1)1, D(m+1)2, . . . , D(m+1)m)
+
ˆ
E/B
m∑
j=1
Daj(m+1)f(D(m+1)1, Dj2, . . . , Dj(j−1), xj , Dj(j+1), . . . , Djm)
+
ˆ
E/B
m∑
j=1
Dajm+1(Dj1 −D(m+1)1)g(Dj1, . . . , Dj(j−1), xj , Dj(j+1), . . . , Djm)
=
ˆ
E/B
xam+1f(D(m+1)1, D(m+1)2, . . . , D(m+1)m)
+
ˆ
E/B
m∑
j=1
Daj(m+1)f(Dj1, . . . , Dj(j−1), xj , Dj(j+1), . . . , Djm).
This proves the inductive step and so we are done. 
Proposition 5.2. We have
e2 =
n∑
i=1
(3x2i −Bi)
2 + λ
where λ satisfies
λ = −
∑
j|j 6=i
(3D2ij −Bj)
2
for all i.
Proof. From Proposition 4.9 we have
e = 2ν + x21 + · · ·+ x
2
n.
Squaring both sides and simplifying, we find
e2 = 3
∑
i
Bix
2
i + 9
∑
i
Cixi + 3
∑
i,j|i6=j
D2ijD
2
ji + 4ω
=
n∑
i=1
(3x2i −Bi)
2 + λ
where
λ = 3
∑
i,j|i6=j
D2ijD
2
ji + 4ω −
∑
i
B2i .
It remains to show that λ = −
∑
j|j 6=i(3D
2
ij −Bj)
2. To show this, we will calculate´
E/B
e2x2i in two different ways. First, a direct computation givesˆ
E/B
e2x2i =
ˆ
E/B
(2ν + x21 + · · ·+ x
2
n)
2x2i
=
ˆ
E/B
4ν2x2i + 4
ˆ
E/B
ν(x21 + · · ·+ x
2
n)x
2
i +
ˆ
E/B
(x21 + · · ·+ x
2
n)
2x2i .
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Now
ˆ
E/B
ν2x2i =
ˆ
E/B
(νxi)
2 =
ˆ
E/B
(Gixi −
∑
j|j 6=i
DijDjixj + Ji)
2
= G2i +
∑
j|j 6=i
D2ijD
2
ji
and
ˆ
E/B
ν(x21 + · · ·+ x
2
n)x
2
i =
ˆ
E/B
νx4i +
∑
j|j 6=i
ˆ
E/B
νx2jx
2
i
=
ˆ
E/B
ν(Bix
2
i + Cixi) +
∑
j|j 6=i
ˆ
E/B
ν(Dijxi +Djixj −DijDji)
2
= BiGi +
∑
j|j 6=i
(D2ijGi +D
2
jiGj −D
2
ijD
2
ji).
Also, from Proposition 5.1, we have
ˆ
E/B
(x21 + · · ·+ x
2
n)
2x2i =
ˆ
E/B
x2i (x
2
i +
∑
j|j 6=i
D2ij)
2 +
∑
j|j 6=i
D2ji
ˆ
E/B
(xj +
∑
k|k 6=j
D2jk)
2
= B2i + 2Bi
∑
j|j 6=i
D2ij + (
∑
j|j 6=i
D2ij)
2 +
∑
j|j 6=i
D2ji(Bj + 2
∑
k|k 6=j
D2jk),
where we used
´
E/B x
4
i = Bi,
´
E/B x
6
i = B
2
i to get the last line. Putting these
together, we find
ˆ
E/B
e2x2i
=
ˆ
E/B
4ν2x2i + 4
ˆ
E/B
ν(x21 + · · ·+ x
2
n)x
2
i +
ˆ
E/B
(x21 + · · ·+ x
2
n)
2x2i
= 4G2i + 4
∑
j|j 6=i
D2ijD
2
ji + 4BiGi +
∑
j|j 6=i
(4D2ijGi + 4D
2
jiGj − 4D
2
ijD
2
ji)
+B2i + 2Bi
∑
j|j 6=i
D2ij + (
∑
j|j 6=i
D2ij)
2 +
∑
j|j 6=i
D2jiBj + 2
∑
j,k|i,j,k distinct
D2jiD
2
jk + 2
∑
j|j 6=i
D4ji
=
Bi − ∑
j|j 6=i
D2ij
2 + 4 ∑
j|j 6=i
D2ijD
2
ji + 2B
2
i − 2Bi
∑
j|j 6=i
D2ij
+ 2
∑
j|j 6=i
D2ijBi − 2
∑
j|j 6=i
∑
k|k 6=i
D2ijD
2
ik
+ 2 ∑
j|j 6=i
D2jiBj − 2
∑
j|j 6=i
∑
k|k 6=j
D2jiD
2
jk
− 4 ∑
j|j 6=i
D2ijD
2
ji
+B2i + 2Bi
∑
j|j 6=i
D2ij + (
∑
j|j 6=i
D2ij)
2 +
∑
j|j 6=i
D2jiBj + 2
∑
j,k|i,j,k distinct
D2jiD
2
jk + 2
∑
j|j 6=i
D4ji
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=
Bi − ∑
j|j 6=i
D2ij
2 + 4 ∑
j|j 6=i
D2ijD
2
ji + 3B
2
i
− 2
∑
j|j 6=i
∑
k|k 6=i
D2ijD
2
ik
+ 3 ∑
j|j 6=i
D2jiBj − 2
∑
j|j 6=i
∑
k|k 6=j
D2jiD
2
jk
 − 4 ∑
j|j 6=i
D2ijD
2
ji
+ 2Bi
∑
j|j 6=i
D2ij + (
∑
j|j 6=i
D2ij)
2 + 2
∑
j,k|i,j,k distinct
D2jiD
2
jk + 2
∑
j|j 6=i
D4ji
= 4B2i + 3
∑
j|j 6=i
D2jiBj + 2(
∑
j|j 6=i
D2ij)
2 + 4
∑
j|j 6=i
D2ijD
2
ji
− 2
∑
j|j 6=i
∑
k|k 6=i
D2ijD
2
ik
− 2 ∑
j|j 6=i
∑
k|k 6=j
D2jiD
2
jk
− 4 ∑
j|j 6=i
D2ijD
2
ji + 2
∑
j,k|i,j,k distinct
D2jiD
2
jk + 2
∑
j|j 6=i
D4ji
= 4B2i + 3
∑
j|j 6=i
D2jiBj + 2
∑
j,k|i,j,k distinct
D2ijD
2
ik + 2
∑
j|j 6=i
D4ij
− 2
∑
j,k|i,j,k distinct
D2ijD
2
ik − 2
∑
j|j 6=i
D4ij − 2
∑
j,k|i,j,k distinct
D2jiD
2
jk − 2
∑
j|j 6=i
D4ji + 2
∑
j,k|i,j,k distinct
D2jiD
2
jk + 2
∑
j|j 6=i
D4ji
= 4B2i + 3
∑
j|j 6=i
D2jiBj .
So we have shown
ˆ
E/B
e2x2i = 4B
2
i + 3
∑
j|j 6=i
D2jiBj . (5.2)
Next, take the equality
e2 =
n∑
j=1
(3x2j −Bj)
2 + λ = 3
∑
j
Bjx
2
j + 9
∑
j
Cjxj +
∑
j
B2j + λ,
multiply both sides by x2i and integrate to obtain
ˆ
E/B
e2x2i = 3
ˆ
E/B
Bix
4
i + 3
∑
j|j 6=i
ˆ
E/B
Bjx
2
i x
2
j + 9
∑
j|j 6=i
CjDij +
∑
j|j 6=i
B2j +B
2
i + λ
= 4B2i + 3
∑
j|j 6=i
Bj
ˆ
E/B
x2i x
2
j + 9
∑
j|j 6=i
CjDij +
∑
j|j 6=i
B2j + λ.
From Proposition 5.1, we find
ˆ
E/B
x2i x
2
j = D
2
ij +D
2
ji,
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so ˆ
E/B
e2x2i = 4B
2
i +
∑
j|j 6=i
(
3BjD
2
ij + 3BjD
2
ji + 9CjDij +B
2
j
)
+ λ
= 4B2i +
∑
j|j 6=i
(
3BjD
2
ij + 3BjD
2
ji + 9D
4
ij − 9D
2
ijBj +B
2
j
)
+ λ
= 4B2i +
∑
j|j 6=i
(
9D4ij − 6D
2
ijBj +B
2
j + 3BjD
2
ji
)
+ λ
= 4B2i + 3
∑
j|j 6=i
BjD
2
ji +
∑
j|j 6=i
(3D2ij −Bj)
2 + λ
 ,
where we made use of Proposition 4.5 to replace Cj by D
3
ij −DijBj . Comparing
with Equation (5.2), it follows that
λ = −
∑
j|j 6=i
(3D2ij −Bj)
2.

Proposition 5.3. For i = 1, . . . , n, we set
p1(i) = 3x
2
i + 2Bi, e(i) = 3x
2
i −Bi.
Then for all a, b ≥ 0 we have
κpa
1
e2b =
ˆ
E/B
pa1e
2b =
n∑
i=1
ˆ
E/B
p1(i)
ae(i)2b.
Proof. Consider the polynomials
P1(t1, . . . , tn) = 3(t
2
1 + · · ·+ t
2
n) + µ
and
P2(t1, . . . , tn) =
n∑
i=1
(3t2i −Bi)
2 + λ.
Then
p1 = P1(x1, . . . , xn)
by Proposition 4.6 and
e2 = P2(x1, . . . , xn)
by Proposition 5.2. Therefore
κpa
1
e2b =
ˆ
E/B
pa1e
2b =
ˆ
E/B
P1(x1, . . . , xn)
aP2(x1, . . . , xn)
b.
Next we find that
(P1)i(xi) = P1(Di1, . . . , Di(i−1), xi, Di(i+1), . . . , Din)
= 3x2i + 3
∑
j|j 6=i
D2ij + µ
= 3x2i + 2Bi
= p1(i),
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where the second to last equality was obtained using Proposition 4.7.
Also
(P2)i(xi) = P1(Di1, . . . , Di(i−1), xi, Di(i+1), . . . , Din)
= (3x2i −Bi)
2 +
∑
j|j 6=i
(3D2ij −Bj)
2 + λ
= (3x2i −Bi)
2
= e(i)2
where we used Proposition 5.2. Combining these results with the integration for-
mula (Proposition 5.1), we get:
κpa
1
e2b =
ˆ
E/B
P1(x1, . . . , xn)
aP2(x1, . . . , xn)
b
=
n∑
j=1
ˆ
E/B
(P1)
a
j (xi)(P2)
b
j(xi)
=
n∑
j=1
ˆ
E/B
p1(i)
ae(i)2b.

Proposition 5.4 (Second integration formula). Let f(t1, . . . , tn) be a polynomial
in t1, . . . , tn with coefficients in H
ev(B;Q). Then for each i ∈ {1, . . . , n}, we have
ˆ
E/B
f(x1, . . . , xn)e =
n∑
j=1
ˆ
E/B
fj(xj)e(j)− 2
∑
j|j 6=i
fj(Dij). (5.3)
Proof. Fix i ∈ {1, . . . , n}. Then from
x2i = ν +
∑
j|j 6=i
Dijxj +Gi,
we get ˆ
E/B
f(x1, . . . , xn)ν =
ˆ
E/B
f(x1, . . . , xn)(x
2
i −
∑
j|j 6=i
Dijxj −Gi).
The integrand on the right hand side is a polynomial in x1, . . . , xn with coefficients
in Hev(B;Q), so from Proposition 5.1, we haveˆ
E/B
f(x1, . . . , xn)ν =
ˆ
E/B
fi(xi)(x
2
i −
∑
j|j 6=i
D2ij −Gi)
+
∑
j|j 6=i
fj(xj)(D
2
ji −Dijxj −
∑
k|k 6=i,j
DikDjk −Gi).
(5.4)
Using Proposition 5.1 again, we also haveˆ
E/B
f(x1, . . . , xn)(x
2
1 + · · ·+ x
2
n) =
ˆ
E/B
fi(xi)(x
2
i +
∑
j|j 6=i
D2ij) +
∑
j|j 6=i
ˆ
E/B
fj(xj)(x
2
j +
∑
k|k 6=j
D2jk)
(5.5)
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Now from Proposition 4.9, we have e = 2ν + x21 + · · · + x
2
n. Together with
Equations (5.4) and (5.5), this impliesˆ
E/B
f(x1, . . . , xn)e =
ˆ
E/B
f(x1, . . . , xn)(2ν + x
2
1 + · · ·+ x
2
n)
=
ˆ
E/B
fi(xi)(3x
2
i − 2Gi −
∑
j|j 6=i
D2ij)
+
∑
j|j 6=i
ˆ
E/B
fj(xj)(x
2
j + 3D
2
ji − 2Gi − 2
∑
k|k 6=i,j
DikDjk +
∑
k|k 6=i,j
D2jk − 2Dijxj)
(5.6)
Note that
3x2i − 2Gi −
∑
j|j 6=i
D2ij = 3x
2
i −Bi = e(i). (5.7)
Also
x2j + 3D
2
ji − 2Gi − 2
∑
k|k 6=i,j
DikDjk +
∑
k|k 6=i,j
D2jk − 2Dijxj
= x2j − 2Dijxj + 3D
2
ji −Bi +D
2
ij +
∑
k|k 6=i,j
(D2ik − 2DikDjk +D
2
jk).
(5.8)
Recall Equation (4.6):
Gi +Gj +
∑
k|k 6=i,j
DikDjk = D
2
ij +D
2
ji.
Combining this with Bi = 2Gi +
∑
j|j 6=iD
2
ij , we have
Bi +Bj = 3D
2
ij + 3D
2
ji +
∑
k|k 6=i,j
(D2ik − 2DikDjk +D
2
jk).
Substituting this into (5.8), we get that
x2j + 3D
2
ji − 2Gi − 2
∑
k|k 6=i,j
DikDjk +
∑
k|k 6=i,j
D2jk − 2Dijxj
= x2j − 2Dijxj − 2D
2
ij +Bj
= e(j)− 2(x2j +Dijxj +D
2
ij −Bj).
(5.9)
Substituting Equations (5.7) and (5.9) into Equation (5.6), we getˆ
E/B
f(x1, . . . , xn)e =
ˆ
E/B
fi(xi)e(i) +
∑
j|j 6=i
ˆ
E/B
fj(xj)(e(j)− 2(x
2
j +Dijxj +D
2
ij −Bj))
=
n∑
j=1
ˆ
E/B
fj(xj)e(j)− 2
∑
j|j 6=i
ˆ
E/B
fj(xj)(x
2
j +Dijxj +D
2
ij −Bj).
(5.10)
Now we claim that for any integer m ≥ 0, we haveˆ
E/B
xmj (x
2
j +Dijxj +D
2
ij −Bj) = D
m
ij .
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We prove this by induction on m. For m = 0, 1 this is obvious. For m = 2, we have
ˆ
E/B
x2j(x
2
j +Dijxj +D
2
ij −Bj) =
(ˆ
E/B
x4j
)
+D2ij −Bj = Bj +D
2
ij −Bj = D
2
ij .
Now suppose m ≥ 3 and that the result holds for all m′ ≤ m. Then since x3j =
Bjxj + Cj , and D
3
ij = BjDij + Cj , we findˆ
E/B
xmj (x
2
j +Dijxj +Dij −Bj)
=
ˆ
E/B
xm−3j (Bjxj + Cj)(x
2
j +Dijxj +Dij −Bj)
= Bj
ˆ
E/B
xm−2j (x
2
j +Dijxj +Dij −Bj) + Cj
ˆ
E/B
xm−3j (x
2
j +Dijxj +Dij −Bj)
= BjD
m−2
ij + CjD
m−3
ij
= (BjDij + Cj)D
m−3
ij
= Dmij ,
which completes the induction. As a consequence, it follows that
ˆ
E/B
fj(xj)(x
2
j +Dijxj +D
2
ij −Bj) = fj(Dij).
Applying this to Equation (5.10), we get
ˆ
E/B
f(x1, . . . , xn)e =
n∑
j=1
ˆ
E/B
fj(xj)e(j)− 2
∑
j|j 6=i
fj(Dij).

Proposition 5.5. For all a, b, we have
κpa
1
e2b+1 =
ˆ
E/B
pa1e
2b+1 =
n∑
i=1
ˆ
E/B
p1(i)
ae(i)2b−2
∑
j|j 6=i
(3D2ij+2Bj)
a(3D2ij−Bj)
2b.
Proof. As in the proof of Proposition 5.3, we write
p1 = P1(x1, . . . , xn)
and
e2 = P2(x1, . . . , xn)
where
P1(t1, . . . , tn) = 3(t
2
1 + · · ·+ t
2
n) + µ
and
P2(t1, . . . , tn) =
n∑
i=1
(3t2i −Bi)
2 + λ.
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Then we apply Proposition 5.4 to f(x1, . . . , xn) = P1(x1, . . . , xn)
aP2(x1, . . . , xn)
b
to obtainˆ
E/B
pa1e
2b+1 =
ˆ
E/B
f(x1, . . . , xn)e
=
n∑
j=1
ˆ
E/B
p1(j)
ae(j)2b+1 − 2
∑
j|j 6=i
pj(Dij)
aej(Dij)
2b
=
n∑
j=1
ˆ
E/B
p1(j)
ae(j)2b+1 − 2
∑
j|j 6=i
(3D2ij + 2Bj)
a(3D2ij −Bj)
2b.

Proposition 5.6. We have
κe2 = 3
n∑
j=1
Bj and κp1e = 8κe2/3 + 2µ.
Therefore
µ =
1
2
κp1e −
4
3
κe2 .
Proof. From Proposition 5.3, we have
κe2 =
n∑
j=1
ˆ
E/B
(3x2j −Bj)
2
=
n∑
j=1
ˆ
E/B
(9x4j − 6Bjx
2
j +B
2
j )
=
n∑
j=1
(9Bj − 6Bj) = 3
n∑
j=1
Bj .
From Proposition 5.5, we have
κp1e =
n∑
j=1
ˆ
E/B
(3x2j + 2Bj)(3x
2
j −Bj)− 2
∑
j|j 6=i
(3D2ij + 2Bj)
=
n∑
j=1
ˆ
E/B
(9x4j + 3Bjx
2
j − 2B
2
j )− 6
∑
j|j 6=i
D2ij − 4
∑
j|j 6=i
Bj
=
n∑
j=1
12Bj − 4
n∑
j=1
Bj + 4Bi − 4Bi + 2µ
= 8
n∑
j=1
Bj + 2µ,
where the second to last equality follows from Proposition 4.7. Therefore
κp1e = 8
n∑
j=1
Bj + 2µ = 8κe2/3 + 2µ.

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Let UX → BDiff(X) denote the universal family UX = EDiff(X)×Diff(X)X
over BDiff(X) and let UX = p
∗(UX) be the pullback of the universal family
to BDiff(X). Then as in Section 2, the cohomology ring H∗(UX ;Q) is gener-
ated over H∗(BDiff(X);Q) by classes x1, . . . , xn ∈ H
2(UX ;Q). Since rational
cohomology classes of BDiff(X) are detected by continuous maps from compact
smooth manifolds into BDiff(X), it follows that all of the results in Sections 4
and 5 for smooth, compact families carry over to UX → BDiff(X). In particular,
there are classes
Dij ∈ H
2(BDiff(X);Q),
Gi ∈ H
4(BDiff(X);Q),
Ji ∈ H
6(BDiff(X);Q),
ω ∈ H8(BDiff(X);Q),
such that
xixj = Dijxi +Djixj −DijDji,
x2i = ν +
∑
j|j 6=i
Dijxj +Gi,
xiν = Gixi −
∑
j|j 6=i
DijDjixj + Ji,
ν2 =
∑
j
Jjxj + ω.
We also have
x3i = Bixi + Ci,
where
Bi = 2Gi +
∑
j|j 6=i
D2ij ∈ H
2(BDiff(X);Q),
Ci = Ji −
∑
j|j 6=i
D2ijDji ∈ H
3(BDiff(X);Q).
The classes x1, . . . , xn (and therefore also the classesDij , Gi, Ji, ω, Bi, Ci) depend
on a choice of framing ξ1, . . . , ξn for the family UX . Recall that the group
Wn = Sn ⋉ Z
n
2
acts on the set of framings by permutations and sign changes. The group Wn acts
on BDiff(X) and UX on the right inducing left actions on H
∗(BDiff(X);Q) and
H∗(UX ;Q). This action corresponds to a change of framing, in particular it follows
that
σ(xi) = xσ(i) for σ ∈ Sn
and
θi(xj) =
{
xj j 6= i,
−xj j = i.
It also follows that Wn acts on all of the associated classes Dij , Gi, Ji, ω, Bi, Ci.
Noting that
Dij =
ˆ
EX/B
x2ixj ,
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one finds that the action of Wn on the Dij is given by
σ(Dij) = Dσ(i)σ(j) , σ ∈ Sn
and
θk(Dij) =
{
Dij k 6= j,
−Dij k = j.
Definition 5.7. Let X be a smooth, compact, simply-connected, positive def-
inite 4-manifold with b2(X) = n ≥ 1. We denote by D
∗(X) the subring of
H∗(BDiff(X);Q) generated by the Dij . Note that Wn acts on D
∗(X) by ring
automorphisms. We let I∗(X) ⊆ D∗(X) denote theWn-invariant subring ofD
∗(X).
Remark 5.8. Recall that theWn-invariant subring ofH
∗(BDiff(X);Q) isH∗(BDiff(X);Q).
Therefore, I∗(X) may be identified with a subring of H∗(BDiff(X);Q)
I∗(X) ⊆ H∗(BDiff(X);Q).
Lemma 5.9. We have that Ik(X) is non-zero only if k is a multiple of 4. Moreover,
I4(X) is spanned by I1, I2, where
I1 =
∑
i,j|i6=j
D2ij , I2 =
∑
i,j,k|i,j,k distinct
DikDjk.
Proof. Since the Dij have degree 2, I
∗(X) is concentrated in even degrees. Suppose
k = 2m. Any element in I2m(X) is a linear combination of monomials
Di1j1Di2j2 · · ·Dimjm .
The subgroup Zn2 ⊂Wn sends each such monomial to plus or minus itself. Therefore
any element of D2m(X) must be a linear combination consisting only of monomials
that are Zn2 -invariant. However it is clear that
θk(Di1j1Di2j2 · · ·Dimjm) = (−1)
ǫkDi1j1Di2j2 · · ·Dimjm
where ǫk is the number of a ∈ {1, . . . ,m} for which ja = k. Clearly
n∑
k=1
ǫk = m.
This means that the product θ1θ2 · · · θm acts onD
2m(X) by (−1)m. Hence I2m(X) =
0 for m odd and so I∗(X) is concentrated in degrees divisible by 4.
Any element of D4(X) is a quadratic polynomial in the Dij . Any invariant
element of D4(X) must be a linear combination of monomials Di1j1Di2j2 that are
Zn2 -invariant. Such a monomial Di1j1Di2j2 is Z
n
2 -invariant if and only if j1 = j2.
Thus any element of I4(X) is a linear combination of monomials of the form
D2ij , (i 6= j) or DikDjk, (i, j, k distinct).
The symmetric group Sn acts on such monomials with precisely two orbits. It
follows that I4(X) is spanned by
I1 =
∑
i,j|i6=j
D2ij , and I2 =
∑
i,j,k|i,j,k distinct
DikDjk.

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Lemma 5.10. For n ≥ 2 we have that
µ = −
(
n− 5
n(n− 1)
)
I1 −
(
2
n(n− 1)
)
I2.
Proof. From Proposition 4.7, we have
−2Bi + 3
∑
j|j 6=i
D2ij + µ = 0
Summing over all i, and using Proposition 5.6, we have
−
2
3
κe2 + 3I1 + nµ = 0. (5.11)
Next, recall that Bi = 2Gi +
∑
j|j 6=iD
2
ij . Summing over i, we get
n∑
i=1
Gi =
1
6
κe2 −
1
2
I1. (5.12)
Next, consider equation (4.6):
Gi +Gj +
∑
k|k 6=i,j
DikDjk = D
2
ij +D
2
ji
for distinct i, j. Summing over all i 6= j, we get
2(n− 1)
n∑
i=1
Gi + I2 = 2I1. (5.13)
Combining Equations (5.12) and (5.13), we get
1
3
κe2 =
(
n+ 1
n− 1
)
I1 −
(
1
n− 1
)
I2.
Note that we can divide by (n− 1) because of the assumption that n ≥ 2. Substi-
tuting this into Equation (5.11), we get
nµ = −
(
n− 5
n− 1
)
I1 −
(
2
n− 1
)
I2.

Proposition 5.11. For n ≥ 2, we have
Bi =
3
2
∑
j|j 6=i
D2ij −
(n− 5)
2n(n− 1)
I1 −
1
(n− 1)
I2,
Ci =
1
(n− 1)
∑
j|j 6=i
(
D3ji −BiDji
)
.
Moreover, Bi, Ci, Gi ∈ D
∗(X) and ω ∈ I8(X).
Proof. Proposition 4.7 and Lemma 5.10 together imply that
Bi =
3
2
∑
j|j 6=i
D2ij −
(n− 5)
2n(n− 1)
I1 −
1
(n− 1)
I2 ∈ D
4(X).
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Proposition 4.5 gives Ci = D
3
ji − BiDji for all j 6= i. Averaging over j for j 6= i
gives
Ci =
1
(n− 1)
∑
j|j 6=i
(
D3ji −BiDji
)
∈ D6(X).
(It is not necessary to average over j in order to show Ci ∈ D
6(X), but this makes
the expression for Ci symmetric). Now from Equations (4.9) and (4.10), it follows
that Gi, Ji ∈ D
∗(X). Lastly if we take Equation (4.8) and average over i, we obtain
ω ∈ I8(X). 
Proof of Theorem 1.5. We have already constructed the classes
Dij ∈ H
2(BDiff(X);Q), 1 ≤ i, j ≤ n, i 6= j
and the group Wn acts on the Dij as specified in part (i) of the theorem. Part
(ii) of the theorem was explained in Remark 5.8. For part (iii), first note that the
tautological classes are Wn-invariant because they lie in H
∗(BDiff(X);Q), which
is the Wn-invariant part of H
∗(BDiff(X);Q). Thus it suffices to show that each
tautological class κpa
1
eb belongs to D
∗(X). From Propositions 5.3, 5.5, it follows
that each tautological class κpa
1
eb can be written as a polynomial in Dij , Bi, Ci. But
from Proposition 5.11 we have Bi, Ci ∈ D
∗(X) and of course Dij ∈ D
∗(X). Hence
κpa
1
eb ∈ D
∗(X). 
For each pair of non-negative integers a, b we define a two variable polynomial
φa,b(x, y) ∈ Z[x, y] as follows. Let
p(z) = z3 − xz − y, p′(z) = 3z2 − x.
Then we define
φa,b(x, y) =
1
2πi
‰
(p′(z) + 3x)a(p′(z))b
p(z)
dz
where the contour encloses all zeros of p(z). From this definition it follows that φa,b
satisfies the following recursive formulas:
φa+1,b(x, y) = φa,b+1(x, y) + 3xφa,b(x, y),
φa,b+3(x, y) = 3xφa,b+2(x, y) + (27y
2 − 4x3)φa,b(x, y),
which together with the initial conditions
φ0,0(x, y) = 0, φ0,1(x, y) = 3, φ0,2(x, y) = 3x
can be used to compute φa,b for all values of a, b.
Proof of Theorem 1.6. From Propositions 5.3, 5.5, we have
κpa
1
e2b =
ˆ
E/B
pa1e
2b =
n∑
i=1
ˆ
E/B
p1(i)
ae(i)2b
and
κpa
1
e2b+1 =
ˆ
E/B
pa1e
2b+1 =
n∑
i=1
ˆ
E/B
p1(i)
ae(i)2b−2
∑
j|j 6=i
(3D2ij+2Bj)
a(3D2ij−Bj)
2b.
So it remains to show thatˆ
E/B
p1(i)
ae(i)2b = φa,b(Bi, Ci). (5.14)
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To prove Equation (5.14) for all a, b ≥ 0, it suffices to show that both sides of the
expressions satisfy the same recursion relations and same initial conditions. For
convenience let us set
κa,b,i =
ˆ
E/B
p1(i)
ae(i)2b =
ˆ
E/B
(3x2i + 2Bi)
a(3x2i −Bi)
b.
Then we need to show that κa,b,i = φa,b(Bi, Ci) for all a, b ≥ 0 and all i. Clearly
κ0,0,i = 0 = φ0,0(Bi, Ci), κ0,1,i = 3 = φ0,1(Bi, Ci)
and
κ0,2,i =
ˆ
E/B
(3x2i −B)
2 =
ˆ
E/B
(9x4i − 6Bx
2
i +B
2
i ) = 3Bi = φ0,2(Bi, Ci).
So κa,b,i = φa,b(Bi, Ci) for (a, b) = (0, 0), (0, 1), (0, 2). Next, from (p1)i = ei + 3Bi,
we see that
κa+1,b,i = κa,b+1,i + 3Biκa,b,i.
Lastly, a short calculation shows that
e(i)3 = 3Bie(i)
2 + 27C2i − 4B
3
i
so that
κa,b+3,i = 3Biκa,b+2,i + (27C
2
i − 4B
3
i )κa,b,i.
Hence κa,b,i satisfies the same recursive relations and initial conditions as φa,b(Bi, Ci),
so κa,b,i = φa,b(Bi, Ci) for all a, b ≥ 0 and all i. 
6. CP2
In this section we specialise to the case n = 1. Amongst other results, we
completely determine the tautological ring of CP2.
Theorem 6.1. Let E → B be a smooth family with fibres diffeomorphic to X,
where X is a smooth, compact, simply-connected, positive definite 4-manifold with
b2(X) = 1. Suppose that the family has structure group Diff0(X) and let ξ ∈
H2(X ;Z) be a framing. Let x ∈ H2(E;Q) be the unique class such that x|X = ξ
and
´
E/B x
3 = 0. Then there exists classes B ∈ H2(B;Q), C ∈ H3(B;Q) such
that:
(i) There is an isomorphism of H∗(B;Q)-algebras
H∗(E;Q) ∼= H∗(B;Q)[x]/(x3 −Bx− C).
(ii) The Euler class and first Pontryagin classes of T (E/B) are given by
e = 3x2 − B, p1 = 3x
2 + 2B.
(iii) For all a, b ≥ 0, we have
κpa
1
eb(E) = φa,b(B,C).
Proof. (i) is immediate from Proposition 4.4. From Proposition 4.7, we have µ =
2B. Then Proposition 4.6 gives
p1 = 3x
2 + µ = 3x2 + 2B.
From Equation (4.9) and Proposition 4.2, we have
x2 = ν +G
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where G = B/2. Then from Proposition 4.9, we have
e = 2ν + x2 = (2x2 −B) + x2 = 3x2 −B.
This proves (ii). From (ii), it follows that
κpa
1
eb (E) =
ˆ
E/B
(3x2 + 2B)a(3x2 −B)b.
Using the exact same argument as in the Proof of Theorem 1.6, we have that
κpa
1
eb(E) = φa,b(B,C).

Note in particular that
κp2
1
(E) = 21B, κp4
1
(E) = 81C2 + 609B3.
Theorem 6.2. The tautological ring of CP2 is isomorphic to a polynomial ring
generated by κp2
1
and κp4
1
:
R∗(CP2) ∼= Q[κp2
1
, κp4
1
].
Proof. As explained in the introduction, if a relation amongst tautological classes
holds in R∗(E) for all smooth compact CP2 families E → B, then it must also hold
inR∗(CP2). Furthermore, since the mapH∗(BDiff(CP2);Q)→ H∗(BDiff0(CP
2);Q)
is injective, we can further restrict to families with structure group Diff0(CP
2).
From Theorem 6.1, we see that every tautological class κpa
1
eb (E) is a polynomial in
B, C. In fact, by comparing degrees we see that only even powers of C can occur
and hence κpa
1
eb(E) is a polynomial in B and C
2. Next, since
κp2
1
(E) = 21B, κp4
1
(E) = 81C2 + 609B3,
we see that B and C2 can be expressed as
B =
1
21
κp2
1
(E), C2 =
1
81
κp4
1
(E)−
203
27
(κp2
1
(E)/21)3.
Hence every tautological class can be written as a polynomial in κp2
1
, κp4
1
. To com-
plete the proof it remains to check that there are no relations between κp2
1
and
κp4
1
. To show this, consider families of the form E = P(V ), the bundle of projective
spaces underlying a complex rank 3 vector bundle of the form V = L⊕M⊕(L∗M∗)
for two line bundles L,M → B. If c1(L) = l, c1(M) = m, then one finds
B = l2 +m2 + lm, C = lm(l+m).
So −B,−C are the second and third elementary symmetric polynomials in l,m,−l−
m. It follows that there can be no relation between B,C that holds for all line
bundles L,M on all B and hence there can be no relation between κp2
1
and κp4
1
. 
Following [10], [9], we consider variants R∗(X, ∗) and R∗(X,D4) of the tautolog-
ical ring, which are defined as follows. Let Diff(X, ∗) be the subgroup of Diff(X)
fixing a point and Diff(X,D4) the subgroup which acts as the identity on an open
disc D4 ⊂ X . There are obvious inclusions
Diff(X,D4)→ Diff(X, ∗)→ Diff(X) (6.1)
and a homomorphism s : Diff(X, ∗) → SO(4) which sends a diffeomorphism
of X to its derivative at the marked point. For each c ∈ H∗(BSO(4);Q) we
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can take its pullback s∗(c) ∈ H∗(BDiff(X, ∗);Q). We define R∗(X, ∗) to be the
subring of H∗(BDiff(X, ∗);Q) generated by the s∗(c) together with the pullback
to BDiff(X, ∗) of all tautological classes κc. We similarly define R
∗(X,D4) to be
the subring of H∗(BDiff(X,D4);Q) generated by the pullback to BDiff(X,D4)
of all tautological classes κc. The inclusions (6.1) give ring homomorphisms
R∗(X)
f
−→ R∗(X, ∗)
g
−→ R∗(X,D4)
whose composition is surjective.
Theorem 6.3. We have ring isomorphisms
(1) R∗(CP2, ∗) ∼= Q[p1, e].
(2) R∗(CP2, D4) ∼= Q.
Proof. First note that we can identify BDiff(CP2, ∗) → BDiff(CP2) with the
universal bundle UX → BDiff(CP
2) because
BDiff(CP2, ∗) = EDiff(CP2)/Diff(CP2, ∗)
= EDiff(CP2)×Diff(CP2) (Diff(CP
2)/Diff(CP2, ∗))
= EDiff(CP2)×Diff(CP2) CP
2 = UX .
So we can think of R∗(CP2, ∗) as the subring of H∗(UX ;Q) generated by p1, e and
the pullback of all tautological classes. Note that the pullback
π∗ : H∗(BDiff(CP2);Q)→ H∗(UX ;Q)
is injective because
´
UX/BDiff(CP2)
π∗(w)e = 3w for any w ∈ H∗(BDiff(CP2);Q).
So the tautological classes pulled back to UX generate a ring isomorphic to Q[u, v],
where u = κp2
1
, v = κp4
1
, by Theorem 6.2. From Theorem 6.1, we have that e =
p1− 3B = p1− κp2
1
/7. Therefore R∗(CP2, ∗) is generated by κp2
1
, κp4
1
and p1. Next,
one can check directly from Theorem 6.1 that
p31 =
4
7
κp2
1
p21 −
5
49
(κp2
1
)p1 −
17
1029
(κp2
1
)3 +
1
3
κp4
1
. (6.2)
We claim that R∗(CP2, ∗) is a free R∗(CP2)-module with basis 1, p1, p
2
1. The fact
that R∗(CP2, ∗) is generated by κp2
1
, κp4
1
and p1 together with Equation (6.2) implies
that R∗(CP2) is generated as an R∗(CP2)-module by 1, p1, p2. We need to check
linear independence. Suppose that
a(u, v) + b(u, v)p1 + c(u, v)p
2
1 = 0 (6.3)
for some a, b, c ∈ Q[u, v]. Note that
κp2
1
= u, κp3
1
=
13
49
u2, κp4
1
= v.
Integrating over the fibres, we get 3b + uc = 0, so b = −uc/3. Multiplying (6.3)
by p1 and integrating, we get 3a − u
2c/3 + 13u2c/49 = 0, hence a = 10u2c/441.
Multiplying (6.3) by p21 and integrating, we get
0 =
10
441
u3c−
13
147
u3c+ vc =
(
v −
29
441
u3
)
c.
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Hence c = 0, which also implies a = b = 0, proving the claim that 1, p1, p
2
1 are
linearly independent over R∗(CP2). Thus
R∗(CP2, ∗) ∼= Q[κp2
1
, κp4
1
, p1]/(p
3
1 −
4
7
κp2
1
p21 +
5
49
(κp2
1
)p1 +
17
1029
(κp2
1
)3 −
1
3
κp4
1
).
Using the relation (6.2), we can solve for κp4
1
in terms of κp2
1
, hence R∗(CP2, ∗) ∼=
Q[κp2
1
, p1]. Then using e = p1 − κp2
1
/7, we have that R∗(CP2, ∗) ∼= Q[κp2
1
, p1] ∼=
Q[p1, e].
Consider the ringR∗(CP2, D4). Since the compositionR∗(CP2)→ R∗(CP2, ∗)→
R∗(CP2, D4) is surjective, to show R∗(CP2, D4) = Q, it suffices to show that the im-
age of R∗(CP2, ∗)→ R∗(CP2, D4) is Q. Recall that g : R∗(CP2, ∗)→ R∗(CP2, D4)
is the homomorphism induced by BDiff(CP2, ∗) → BDiff(CP2, D4). It follows
that g(p1) = g(e) = 0 because the composition Diff(CP
2, D4)→ Diff(CP2, ∗)→
SO(4) is a constant map. But we have just shown that R∗(CP2, ∗) ∼= Q[p1, e], hence
the image of R∗(CP2, ∗)→ R∗(CP2, D4) is Q, as claimed. 
7. CP2#CP2
In this section, we specialise to the case that n = b2(X) = 2 and set D1 = D12,
D2 = D21.
Lemma 7.1. Each class κpa
1
eb is a symmetric polynomial in D
2
1, D
2
2.
Proof. From Proposition 4.4, we have
x31 = B1x1 + C1, x
3
2 = B2x2 + C2,
where
B1 = 2G1 +D
2
1, B2 = 2G2 +D
2
2, C1 = J1 −D
2
1D2, C2 = J2 −D
2
2D1.
Equation (4.6) gives G1 +G2 = D
2
1 +D
2
2 and hence
B1 +B2 = 3D
2
1 + 3D
2
2. (7.1)
Proposition 4.7, gives
2B1 − 3D
2
1 = µ = 2B2 − 3D
2
2
and hence
2(B1 −B2) = 3D
2
1 − 3D
2
2. (7.2)
Equations (7.1) and (7.2) give
B1 =
9
4
D21 +
3
4
D22 , B2 =
9
4
D22 +
3
4
D21.
From Proposition 4.5, we get
C1 = D
3
2 −D2B1 = D
3
2 −
9
4
D21D2 −
3
4
D32 =
1
4
D2(D
2
2 − 9D
2
1).
Similarly
C2 =
1
4
D1(D
2
1 − 9D
2
2).
Therefore
C21 =
1
16
D22(D
2
2 − 9D
2
1)
2, C22 =
1
16
D21(D
2
1 − 9D
2
2)
2.
Notice that B1, B2, C
2
1 , C
2
2 are all polynomials in D
2
1 , D
2
2. Then from Propositions
5.3 and 5.5, it follows that each tautological class κpa
1
eb is a polynomial in D
2
1, D
2
2.
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By averaging if necessary, we have that κpa
1
eb is given by a symmetric polynomial
in D21 , D
2
2. 
From Proposition 5.3, we have
κp2
1
= 21(B1 +B2) = 63(D
2
1 +D
2
2).
and
κp3
1
= 117(B21 +B
2
2) =
1053
8
(
5(D21 +D
2
2)− 4D
2
1D
2
2
)
.
It follows that the tautological ring contains all symmetric polynomials in D21, D
2
2
and is generated by κp2
1
, κp3
1
.
Theorem 7.2. The tautological ring of CP2#CP2 is isomorphic to a polynomial
ring generated by κp2
1
and κp3
1
:
R∗(CP2#CP2) ∼= Q[κp2
1
, κp3
1
].
Proof. As in the proof of Theorem 6.2, if a relation amongst tautological classes
holds in R∗(E) for all smooth compact CP2 families E → B with structure group
Diff0(CP
2#CP2), then it holds in the tautological ring R∗(CP2#CP2). We have
already seen that the tautological ring is generated by κp2 and κp3
1
, or equivalently
by D21 +D
2
2 and D
2
1D
2
2. So it remains to show that there are no relations between
D1 and D2.
Consider first a CP2 family of the form E1 = P(V1) and V1 is a complex rank
3 vector bundle of the form V1 = L ⊕ M ⊕ C for two line bundles L,M → B.
This family has an obvious section s1 : B → E1 corresponding to the C summand
of V1. The normal bundle of s1 is L ⊕ M . Similarly, let E2 = P(V2), where
V2 = L ⊕M
∗ ⊕ C. Then E2 has an obvious section s2 : B → E2 corresponding
to the C summand of V2. The normal bundle of s2 is L ⊕ M
∗. Note that the
underlying real vector bundles of L ⊕M and L ⊕M∗ are isomorphic, but inherit
opposite orientations from the complex structures on L and M . Therefore, we
can remove tubular neighbourhoods of s1 and s2 from E1 and E2 and identify
the boundaries of the resulting spaces by an orientation reversing diffeomorphism
to obtain the families connected sum E = E1#BE2. This is a smooth compact
family with fibres diffeomorphic to CP2#CP2. Let l = c1(L), m = c1(M). A
straightforward calculation shows that D1, D2 for the family E are given by
D1 = (l +m)/3, D2 = (l −m)/3.
It follows that there can be no relation betweenD1, D2 that holds for all line bundles
L,M and hence there can be no relation between κp2
1
and κp3
1
. 
8. Linear relations in the tautological ring
Proof of Theorem 1.7. We first note that each of the polynomials φa,b(x, y) involves
only even powers of y. This is clear from the recursive relations and initial conditions
satisfied by the φa,b. Note also that if we set deg(x) = 2, deg(y) = 3, then φa,b(x, y)
is a homogeneous polynomial of degree 2(a + b − 1). The space of homogeneous
polynomials in x, y2 of degree 2(d− 1) has dimension 1+ ⌊(d− 1)/3⌋. On the other
hand there are 1 + ⌊d/2⌋ pairs (a, b) with a+ b = d and b even. Hence there are at
least
⌊d/2⌋ − ⌊(d− 1)/3⌋
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linear relations amongst the polynomials φa,b(x, y) with a+ b = d and b even. Any
such linear relation may be written in the form
⌊d/2⌋∑
j=0
cjφd−2j,2j(x, y) = 0
for some c0, c1, . . . , c⌊d/2⌋ ∈ Q. Now from Theorem 1.6, we have
⌊d/2⌋∑
j=0
cjκpd−2j
1
e2j =
⌊d/2⌋∑
j=0
cj
n∑
i=1
φd−2j,2j(Bi, Ci) (8.1)
=
n∑
i=1
⌊d/2⌋∑
j=0
cjφd−2j,2j(Bi, Ci) (8.2)
= 0. (8.3)
Hence we have at least ⌊d/2⌋−⌊(d−1)/3⌋ linear relations amongst the tautological
classes κpa
1
eb with b even and a+ b = d. 
Remark 8.1. Since X is definite, H2(X ;R) ∼= H+(X) is a trivial bundle and
H−(X) = 0. So the families signature theorem implies that each component of´
E/B
L(T (E/B)) of positive degree must vanish, where L denotes the L-polynomial.
Each component of L(T (E/B)) is a polynomial in p1 and p2 = e
2, and so each
component of
´
E/B L(T (E/B)) is a tautological class. Equating these to zero gives
linear relations in the tautological ring. The first few such relations (up to d = 9)
are:
0 = κp2
1
− 7κe2 ,
0 = 2κp3
1
− 13κp1e2 ,
0 = 3κp4
1
− 22κp2
1
e2 + 19κe4 ,
0 = 10κp5
1
− 83κp3
1
e2 + 127κp1e4 ,
0 = 1382κp6
1
− 12842κp4
1
e2 + 27635κp2
1
e4 − 8718κe6,
0 = 420κp7
1
− 4322κp5
1
e2 + 11880κp3
1
e4 − 7978κp1e6 ,
0 = 10851κp8
1
− 122508κp6
1
e2 + 407726κp4
1
e4 − 423040κp2
1
e6 + 68435κe8,
0 = 438670κp9
1
− 5391213κp7
1
e2 + 20996751κp5
1
e4 − 29509334κp3
1
e6 + 11098737κp1e8 .
In general, for each d ≥ 2, we obtain one linear relation amongst the tautological
classes κpa
1
eb with a+ b = d and b even. Theorem 1.7 implies that there are further
linear relations whenever ⌊d/2⌋−⌊(d−1)/3⌋ > 1. This is the case if d = 6 or d ≥ 8.
By a direct computation, we find the first few such relations (up to d = 12) are:
0 = 4κp4
1
e2 − 41κp2
1
e4 + 100κe6,
0 = 36κp6
1
e2 − 461κp4
1
e4 + 1843κp2
1
e6 − 2300κe8,
0 = 24κp7
1
e2 − 322κp5
1
e4 + 1379κp3
1
e6 − 1900κp1e8 ,
0 = 108κp8
1
e2 − 1579κp6
1
e4 + 7902κp4
1
e6 − 15531κp2
1
e8 + 9100κe10,
0 = 360κp9
1
e2 − 5606κp7
1
e4 + 30923κp5
1
e6 − 71311κp3
1
e8 + 57100κp1e10 ,
0 = 144κp8
1
e4 − 2552κp6
1
e6 + 16629κp4
1
e8 − 47400κp2
1
e10 + 50000κe12,
0 = 6000κp10
1
e2 − 98012κp8
1
e4 + 577796κp6
1
e6 − 1461667κp4
1
e8 + 1338700κp2
1
e10 .
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